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Abstract
We review the paradigm of holographic dark energy (HDE), which arises from a theoretical attempt
of applying the holographic principle (HP) to the dark energy (DE) problem. Making use of the HP
and the dimensional analysis, we derive the general formula of the energy density of HDE. Then, we
describe the properties of HDE model, in which the future event horizon is chosen as the character-
istic length scale. We also introduce the theoretical explorations and the observational constraints
for this model. Next, in the framework of HDE, we discuss various topics, such as spatial cur-
vature, neutrino, instability of perturbation, time-varying gravitational constant, inflation, black
hole and big rip singularity. In addition, from both the theoretical and the observational aspects,
we introduce the interacting holographic dark energy scenario, where the interaction between dark
matter and HDE is taken into account. Furthermore, we discuss the HDE scenario in various mod-
ified gravity (MG) theories, such as Brans-Dicke theory, braneworld theory, scalar-tensor theory,
Horava-Lifshitz theory, and so on. Besides, we introduce the attempts of reconstructing various
scalar-field DE and MG models from HDE. Moreover, we introduce other DE models inspired by
the HP, in which different characteristic length scales are chosen. Finally, we make comparisons
among various HP-inspired DE models, by using cosmological observations and diagnostic tools.
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3
1. Introduction
Inspired by the investigation of black hole thermodynamics [1, 2], Gerard ’t Hooft proposed for
the first time the famous holographic principle (HP) [3]. As a modern version of “Plato’s cave”,
the HP states that all of the information contained in a volume of space can be represented as
a hologram, which corresponds to a theory locating on the boundary of that space. Soon after,
Leonard Susskind gave a precise string-theory interpretation of this principle [4]. Moreover, in 1997,
Juan Maldacena [5] proposed the famous AdS/CFT correspondence, which is the most successful
realization of the HP. Now it is widely believed that the HP should be a fundamental principle of
quantum gravity.
So far, the idea of HP has been applied to various fields of physics. For examples, in the field
of nuclear physics, the AdS/QCD correspondence has been proposed to study the problems of
quark-gluon plasma [6]; in the field of condensed matter physics, the AdS/CMT correspondence
has been proposed to explore the problems of superconductivity and superfluid [7]; in the field of
theoretical physics, the AdS/CFT correspondence has lead to the idea of holographic entanglement
entropy [8]; in the field of cosmology, the AdS/CFT correspondence has also been used to discuss
the nature of de Sitter space and inflation [9]. These scientific progresses show that the HP has
great potential to solve many long-standing issues in various physical fields.
On the other side, since its discovery in 1998 [10, 11], dark energy (DE) has become one of
the central problems in theoretical physics and modern cosmology. The current observations favor
a cosmological constant Λ being the origin of DE driving the present epoch of the accelerated
expansion of our universe and a dark matter (DM) component giving rise to galaxies and their
large scale structures (LSS) distributions. This cosmological model is called ΛCDM, to indicate
the nature of its main components 1. Although favored by the observations, the ΛCDM model
suffers from two cosmological constant problems [12, 13, 14, 15, 16, 17, 18, 19, 20]. To solve these
theoretical puzzles, numerous DE models have been proposed in the past 18 years; unfortunately,
so far the nature of DE still remains a complete mystery. It is believed that the DE problem may be
in essence an issue of quantum gravity. Therefore, as the most fundamental principle of quantum
gravity, HP may play an important role in solving the DE problem.
In 2004, after applying the HP to the DE problem, one of the present authors (Miao Li)
proposed a new DE model, called holographic dark energy (HDE) model [21]. In this model, the
energy density of DE ρde only relies on two physical quantities on the boundary of the universe:
one is the reduced Planck mass Mp ≡
√
1/8piG, where G is the Newton constant; another is the
cosmological length scale L, which is chosen as the future event horizon of the universe [21]. The
HDE model is the first theoretical model of DE inspired by the HP, and is in good agreement
with the current cosmological observations at the same time. This makes HDE a very competitive
candidate of DE.
In recent ten years, the paradigm of HDE has drawn a lot of attention and has been widely
studied:
1. Many theoretical mechanisms, such as entanglement entropy, holographic gas, Casmir energy,
entopic force and action principle, are proposed to explain the origin of HDE;
1The DM is often assumed to have negligible pressure and temperature and is termed Cold. That is why it is
always called Cold Dark Matter (CDM).
4
2. A series of topics, including spatial curvature, neutrino, perturbation, time-varying gravita-
tional constant, black hole, inflation, and big rip, are discussed in the HDE cosmology;
3. The interaction between DM and HDE are studied from both the theoretical and the obser-
vational sides;
4. The properties of HDE are revisited in various modified gravity theories, such as the Brans-
Dicke, the scalar-tensor, the DGP, the braneworld and the Horava-Lifshitz theories;
5. The HDE are used to reconstruct various scalar-field DE and modified gravity models;
6. A series of theoretical models have also been proposed, where different forms of L are taken
into account;
7. A lot of efforts have been made to constrain these HDE models by using various cosmological
observations.
In this paper, we will review all the topics mentioned above. For the convenience of readers, we
list all the commonly used acronyms and observational facilities in table 1 and table 2. Throughout
the review, we assume today’s scale factor a0 = 1, so the redshift z = a
−1 − 1; the subscript “0”
always indicates the present value of the corresponding quantity, and we use the metric convention
(−,+,+,+) and the natural units c = ~ = 1.
2. Basic Knowledge of Modern Cosmology
In this section we briefly introduce the basic knowledge of modern cosmology, such as the
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) cosmology, the DE, and the cosmic probes of DE.
2.1. FLRW Cosmology
There are two cornerstones for modern cosmology. The first is Einstein’s general relativity
(GR), which tell us that the Einstein equation
Gµν ≡ Rµν − 1
2
gµνR = 8piGTµν (1)
is valid on cosmological scale. Here Gµν is the Einstein tensor, Rµν is the Ricci tensor, R is the
Ricci scalar, gµν is the metric, and Tµν is the energy-momentum tensor. For the perfect fluid,
Tµν = (ρ+ p)uµuν + gµνp, where ρ and p are the total energy density and the total pressure of all
the components in the universe, respectively.
The second is the cosmological principle (also called Copernican principle), which tells us that
the universe is homogeneous and isotropic on large scales. Then, the universe can be described by
the FLRW metric
ds2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2dΩ22
]
. (2)
Here t is the cosmic time, a(t) is the scale factor, r is the spatial radius coordinate, Ω2 is the
2-dimensional unit sphere volume, and the quantity k characterizes the curvature of 3-dimensional
space, where k = −1, 0, 1 correspond to open, flat and closed universe, respectively.
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Table 1 List of commonly used acronyms
Acronym Meaning
ΛCDM Cosmological Constant Λ + Cold Dark Matter
ADE Agegraphic Dark Energy
AIC Akaike Information Criterion
AP Alcock-Packzynki
BAO Baryon Accoustic Oscillation
BIC Bayesian Information Criterion
BE Bayesian Evidence
CL Confidence Level
CMB Cosmic Microwave Background
CPL Chevalliear-Polarski-Linder
DE Dark Energy
DGP Dvali-Gabadadze-Porrati
DM Dark Matter
EoS Equation of State
FA Flux Averaging
FLRW Friedmann-Lemaˆıtre-Robertson-Walker
GC Galaxy Clusters
GR General Relativity
GRB Gamma Ray Burst
GW Gravitational Wave
HDE Holographic Dark Energy
HP Holographic Principle
IDE Interacting Dark Energy
IHDE Interacting Holographic Dark Energy
IR Infrared
JLA Joint Light-curve Analysis
LCF light-curve fitters
LSS Large Scale Structure
MCMC Markov Chain Monte-Carlo
MG Modified Gravity
RDE Ricci Dark Energy
RSD Redshift Space Distortion
SL Sandage-Loeb
SN Supernova
SNIa Type Ia Supernova
UV Ultraviolet
wCDM Constant w + Cold Dark Matter
WL Weak Lensing
6
Table 2 List of observational facilities
Acronym Meaning
BOSS Baryon Oscillation Spectroscopic Survey
COBE Cosmic Background Explorer
DES Dark Energy Survey
ESSENCE Equation of State: Supernovae trace Cosmic Expansion
Euclid Euclid Satellite
HST Hubble space telescope
LSST Large Synoptic Survey Telescope
Pan-STARSS Panoramic Survey Telescope and Rapid Response System
Planck Planck Satellite
SDSS Sloan Digital Sky Survey
SKA Square Kilometre Array
SNLS Supernova Legacy Survey
WFIRST Wide Field Infrared Survey Telescope
WMAP Wilkinson Microwave Anisotropy Probe
Inserting Eq. (2) to Eq. (1), one can derive two Friedmann equations
3M2pH
2 = ρ− 3M
2
pk
a2
, (3)
a¨
a
= −ρ+ 3p
6M2p
. (4)
The above dot denotes the derivative with respect to cosmic time t. In addition, H ≡ a˙/a is the
Hubble parameter, which describes the expansion rate of the universe. As seen below, H is an
important bridge between the theory and the observation of cosmology.
One can read from the first Friedmann equation that, energy density ρ makes the universe
change its volume. In principle, the change may be either expansion or contraction. Since the
astronomical observations tell us that our universe is expanding [22], we will mainly focus on the
expansion direction unless otherwise mentioned. In addition, from the second Friedmann equation,
one can see that pressure p affects the acceleration of cosmic expansion: if p > −ρ/3, the universe
will decelerate; if p < −ρ/3, the universe will accelerate. It is easy to infer from these two Friedmann
equations that, if all the components in the universe were determined, the expansion history of our
universe can be completely understood.
2.2. Dark Energy
As is well known, DE is a longstanding puzzle in modern cosmology. In 1917, in order to
maintain a static universe, Einstein added a cosmological constant Λ in his field equations of GR
[23]. Afterwards, he removed the cosmological constant term because of the discovery of the cosmic
expansion, and claimed that the introduction of Λ is the biggest blunder of his life. In 1967,
Zel’dovich reintroduced the cosmological constant by taking the vacuum fluctuations into account
[24]. In 1989, Weinberg published a review article about the cosmological constant problems [25],
and divided the theoretical attempts of solving these problems into five categories. In 1998, Riess
et al. and Perlmutter et al. discovered that the universe is expanding at an increasing rate [10, 11].
This great discovery declares the return of DE.
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Now, it is widely believed that our universe mainly contains four components: baryon matter,
DM, radiation, and DE. Thus, the first Friedmann equation can be rewritten as
H(z) = H0
√
Ωr0(1 + z)4 + Ωb0(1 + z)3 + Ωdm0(1 + z)3 + Ωk0(1 + z)2 + Ωde0X(z). (5)
Here H0 = 100h(km · s−1 ·Mpc−1) is the present-day value of the Hubble parameter H, h is the
Hubble constant, z = a−1 − 1 is the redshift, Ωi0 ≡ ρi0/ρc0 = ρi0/3H20M2p denote the present frac-
tional densities of various component, where the subscript “r”, “b”, “dm”, “k” and “de” represent
radiation, baryon matter, DM, spatial curvature and DE, respectively. It is clear that
∑
i Ωi0 = 1.
In addition, the total fractional matter density Ωm = Ωb + Ωdm, the effective energy density of
spatial curvature ρk ≡ −3M2pk/a2, and the DE density function
X ≡ ρde(z)
ρde0
= exp
[
3
∫ z
0
dz′
1 + w(z′)
1 + z′
]
, (6)
where w ≡ pde/ρde is the equation of state (EoS) of DE, which is the most important quantity
characterizing the properties of DE [26, 27, 28, 29, 30, 31].
The simplest DE model is the ΛCDM model, which has an EoS w = −1. So far, this model
still has the best performance in fitting the current observational data, and thus has been viewed
as the standard model of cosmology. However, the standard model suffers from two cosmological
constant problems [32, 33]: (a) Why ρΛ ≈ 0, namely why it is so small? This is the so-called
fine-tuning problem. (b) Why ρΛ ∼ ρm now? This is the so-called coincidence problem. To explore
the problem of DE, thousands of papers have been written on this subject. Unfortunately, although
hundreds of DE models have been proposed in the past 18 year, the nature of DE is still in the
dark.
As mentioned above, in 1989 Weinberg divided the theoretical attempts on DE problem into
five categories [25]:
1. Symmetry. There have been many attempts, for example, no-scale supersymmetry [34] or
complexification of coordinates [35]. However those proposals either still contain some fine
tuning in the Lagrangian, or involving exotic symmetries which is not evident in nature.
2. Anthropic principle. It is assumed that we live in a multiverse, where different energy density
of DE can be realized [36, 37]. We live with the observed DE density because it allows long
enough time for galaxy formation and thus fits for observers to live. Later, the discovery
of string landscape [38, 39] seems to support this idea. This explanation is different from a
scientific explanation in a traditional way and the existence of multiverse is hard to verify.
3. Tuning mechanisms. In this class of models a scalar field is introduced which can dynamically
reduce the density of DE. Simple attempts of this kind results in vanishing Newton’s constant
and thus not desired [40]. Recent progress has been made in this direction by making use of
a generalized class of scalar-tensor theories [41].
4. Modified gravity. Modified gravity can help for the DE problem in many ways. For example,
in unimodular gravity [42, 43], one requires det g = −1 and this changes the value of DE
as an integration constant. As another example, self-accelerating solution can be found in
massive gravity [44], where at large scales, gravitational attraction becomes suppressed by a
Yukawa-like gravitational force.
5. Quantum gravity. For example, from the Hartle-Hawking wave function of the universe [45],
exponentially small DE is predicted [46]. However at the same time an empty universe is
predicted which does not agree with observations.
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After the discovery of cosmic acceleration, some new ideas were proposed. Now, one can add three
new categories:
6. Holographic principle. This will be the focus of this review.
7. Back-reaction of gravity. As a nonlinear theory, in general relativity inhomogeneities can
backreact on the FRW background [47]. However the amount of inhomogeneities of our
universe does not seem to be enough to drive the observed acceleration of our universe.
8. Phenomenological models. DE can be modeled with scalar fields with various potentials or
kinetic terms [14]. And in fact most of other dark energy models can be phenomenologically
reconstructed by scalar fields.
As introduced in [18], all the DE models belong to the above eight categories. In this review, we
focus on the sixth category: holographic principle. We refer the reader to Ref. [18] for a detailed
description of all the eight categories.
2.3. Cosmological Observations
Let us briefly introduce how to connect the theories and the observations of DE. In physics, it
is most common to connect theoretical models and the observational data through the χ2 statistic
2. For a physical quantity ξ with experimentally measured value ξobs, standard deviation σξ, and
theoretically predicted value ξth, the χ
2 function is given by
χ2ξ(p) =
(ξobs − ξth(p))2
σ2ξ
, (7)
where p denotes the model parameters. If there are many different cosmological observations that
give many different χ2ξi , the total χ
2 can be expressed as the sum of all χ2ξis, i.e.
χ2(p) =
∑
i
χ2ξi(p). (8)
Note that Eq. (8) only holds true for the case where the measurements of ξis are independent
events. If the measurements of ξis are related to each other, the χ
2 function need to be generalized
to the form
χ2(p) =
∑
i,j
∆i(Cov
−1)i,j∆j . (9)
Here ∆i ≡ ξi,obs − ξi,th(p) is the vector consisting the difference between the observational values
and the theoretical values of all the ξis, and Cov is a covariance matrix characterizing the error
information of the data. Moreover, assuming the measurement errors are Gaussian, the likelihood
function satisfies
L ∝ e−χ2/2. (10)
The best-fit model parameters correspond to a minimal χ2 and a maximal L. In practice, the χ2
statistics are often performed by using the Markov Chain Monte-Carlo (MCMC) technology [52].
In the following, we will introduce in detail three kinds of most mainstream cosmological obser-
vations used in the numerical studies of DE (including type Ia supernova, baryon acoustic oscillation
2There are some alternatives to the χ2 statistic. For more details, see [48, 49, 50, 51].
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and cosmic microwave background), and describe how these observations are included into the χ2
statistics. In addition, we will also give a qualitative overview for some other cosmological obser-
vations associated with DE. We refer the reader to Ref. [53] for a more comprehensive and more
detailed review on the observational probes of DE.
2.3.1. Type Ia Supernova
Type Ia supernova (SNIa) is a sub-category of cataclysmic variable stars that result from the
thermonuclear explosions of white dwarfs, when these white dwarfs reach the Chandrasekhar limit
and ignite carbon at their centers [54, 55]. There are two kinds of mechanisms yielding SNIa:
the first is the so-called “single degenerate”, in which a white dwarf accreting from a binary com-
panion is pushed over the Chandrasekhar limit; the second is the so-called “double degenerate”,
in which gravitational radiation causes an orbiting pair of white dwarfs to merge and exceed the
Chandrasekhar limit. SNIa can be used as standard candles to measure the luminosity distance
dL(z) [56, 57, 58], and thus provides a most straightforward tool to measure the expansion history
of the universe.
In 1998, using 16 distant and 34 nearby supernovae from the Hubble space telescope (HST)
observations, Riess et al. first discovered the acceleration of expanding universe [10]. Soon after,
based on the analysis of 18 nearby supernovae from the Calan-Tololo sample and 42 high-redshift
supernovae, Perlmutter et al. confirmed the discovery of cosmic acceleration [11]. The discovery
of the universe’s accelerating expansion (see Fig. 1) was another big surprise since Edwin Hubble
discovered the cosmic expansion in 1929. Because of this great discovery, Saul Perlmutter, Brian
Schmidt, and Adam Riess won the Nobel prize in physics 2011.
In recent years, several high quality supernova (SN) datasets have been released, such as
“gold04” [59], “gold06” [60] “SNLS” [61], “ESSENCE” [62], “Union” [63], “Constitution” [64],
“SDSS” [65], “Union2” [66], “SNLS3” [67] and “Union2.1” [68]. The largest SN sample is “Joint
Light-curve Analysis” (JLA) dataset [69], which consists of 740 supernovae. JLA data includes 118
supernovae at 0 < z < 0.1 from several low-redshift samples, 374 supernovae at 0.03 < z < 0.4 from
the Sloan Digital Sky Survey (SDSS) SN search, 239 supernovae at 0.1 < z < 1.1 from the Super-
nova Legacy Survey (SNLS) observation and 9 supernovae at 0.8 < z < 1.3 from HST measurement.
As an example, we will describe how to include the JLA SN data into the χ2 statistics.
In practice, SNIa’s distance modulus are often used to construct the χ2 function of SN. The
theoretical value of distance modulus can be computed as
µth = 5 log10
[
dL(zhel, zcmb)
Mpc
]
+ 25, (11)
where zcmb and zhel are the CMB restframe and heliocentric redshifts of SN. The luminosity distance
dL is given by
dL(zhel, zcmb) = (1 + zhel)r(zcmb), (12)
where
r(z) = H−10 |Ωk|−1/2sinn
[
|Ωk|1/2
∫ z
0
dz′
E(z′)
]
. (13)
Here E(z) ≡ H(z)/H0 is the reduced Hubble parameter, sinn(x) = sin(x), x, sinh(x) for Ωk < 0,
Ωk = 0, and Ωk > 0, respectively.
On the other hand, the observed value of distance modulus can be expressed as
µobs = m
?
B −MB + α×X1 − β × C, (14)
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Figure 1 Discovery data: Hubble diagram of SNIa measured by the Supernova Cosmology Project
and the High-z Supernova Team. Bottom panel shows residuals in distance modulus relative to an
open universe with Ωm0 = 0.3 and ΩΛ0 = 0. From [15], based on [10, 11].
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where m?B is the observed peak magnitude in the rest-frame of the B band, X1 describes the time
stretching of light-curve, and C describes the SN color at maximum brightness. As mentioned above,
the JLA dataset consist of 740 SNIa; for each SNIa, the observed values of m?B, X1 and C are given
in Ref. [69]. In addition, α is the SN stretch-luminosity parameter, β is the SN color-luminosity
parameter, and MB is the absolute B-band magnitude that depends on the host galaxy properties
[70, 71]. In the recipe of [69], α and β are treated as free model parameters; in contrast, MB is
analytically marginalized in the process of numerical fitting.
The χ2 of JLA data can be calculated as
χ2SN = ∆µ
T ·Cov−1 ·∆µ, (15)
where the data vector ∆µ ≡ µobs−µth. Cov is the total covariance matrix, which can be expressed
as
Cov = Dstat + Cstat + Csys. (16)
Here Dstat is the diagonal part of the statistical uncertainty, which is given by [69],
Dstat,ii =
[
5
zi ln 10
]2
σ2z,i + σ
2
int + σ
2
lensing + σ
2
mB ,i
+α2σ2X1,i + β
2σ2C,i + 2αCmBX1,i − 2βCmBC,i − 2αβCX1C,i. (17)
The first three terms account for the uncertainty in redshift due to peculiar velocities, the intrinsic
variation in SN magnitude, and the variation of magnitudes caused by gravitational lensing. σ2mB ,i,
σ2X1,i, and σ
2
C,i denote the uncertainties of mB, X1 and C for the i-th SN. In addition, CmBX1,i,
CmBC,i and CX1C,i are the covariances between mB, X1 and C for the i-th SN. Moreover, Cstat and
Csys are the statistical and the systematic covariance matrices, given by
Cstat + Csys = V0 + α
2Va + β
2Vb + 2αV0a − 2βV0b − 2αβVab, (18)
where V0, Va, Vb, V0a, V0b and Vab are six 740 × 740 matrices. Notice that the values of all the
physical quantities and matrices mentioned in this paragraph are given in Ref. [69]. The reader
can refer to the original JLA paper [69], as well as their publicly released code, for more details of
calculating JLA data’s χ2 function.
It must be mentioned that, as the rapid growth of the number of SNIa discovered in the
astronomical observation, the systematic errors in the SN observation have become the major factor
that confines the ability to accurately probe the nature of DE. The distinct sources of systematic
uncertainties include calibration errors, dust or host-galaxy extinction, and gravitational lensing
[53]. In addition, the studies on various SNIa datasets (including SNLS3 [72], Union2.1 [73], Pan-
STARRS1 [74] and JLA [75, 76]) all indicated that SN color-luminosity parameter β should evolve
along with redshift z; while the redshift-evolution of β will have significant effects on the parameter
estimation of various cosmological models [77, 78, 79]. 3 Therefore, the control of the systematic
uncertainties of SNIa have become one of the biggest challenges in SN cosmology.
Some interesting analysis techniques are also proposed to reduce the systematic uncertainties
of SNIa. For instance, Wang proposed a data analysis technique, called flux-averaging (FA), to
reduce the systematic errors caused by the weak lensing effect of SNIa [83]; it has been proved that
using FA can also reduce the bias in distance estimate induced by some other systematic effects
3The possible redshift-dependence of the intrinsic scatter σint [80], as well as different choice of SN light-curve
fitters [81, 82], may also cause the systematic uncertainties of SNIa.
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Figure 2 Coverage of the first data release for SDSS-IV in equatorial coordinates. The blue areas
show the locations of the new plates released in DR13. The green represents the area covered by
SDSS-III in DR12. From [99].
[84, 85, 86, 87, 72, 88]. In addition, it was argued that, compared with the χ2 analysis, applying
Bayesian graphs to the SNIa data analysis has potential to reduce the systematic errors of SNIa
[50].
2.3.2. Baryon Acoustic Oscillation
Baryon acoustic oscillation (BAO) is the periodic fluctuation in the density of the visible bary-
onic matter of the universe [89, 90, 91]. Different from the SNIa that provides a “standard candle”
for astronomical observations, the BAO provides a “standard ruler”, which is the radius of the
sound horizon at the drag epoch, to explore the expansion history of the universe [92, 93, 94]. To-
day’s BAO scale is mainly measured at low redshifts through the large-scale galaxy surveys [95, 96]
4. Moreover, an anisotropic BAO analysis that measures the BAO feature in the line-of-sight and
transverse directions can separately measure Hubble parameter H(z) and the comoving angular
diameter distance DM (z), which is defined as
DM (z) ≡ H−10 |Ωk|−1/2sinn
[
|Ωk|1/2
∫ z
0
dz′
E(z′)
]
. (19)
Therefore, BAO can provide an important complement to the SNIa data.
The most famous astronomical project of measuring today’s BAO feature is the Sloan Digital
Sky Survey (SDSS) [98]. As one of the most successful surveys in the history of astronomy, SDSS
was launched in 2000. Now it has progressed through four phases (SDSS-I, SDSS-II, SDSS-III,
and SDSS-IV), and has created the most detailed three-dimensional maps of the universe with the
spectra for more than three million astronomical objects. So far, the latest SDSS dataset is the
thirteenth Data Release (DR13) [99], which is the first data release for SDSS-IV (see Fig. 2). In
the following, we will introduce how to use the SDSS BAO data to constrain DE.
In the literature, to analyse the BAO feature from the SDSS data, a lot of characteristic quanti-
ties have been proposed in the last decade [95, 96, 100]. As an example, here we describe the usage
4Today’s BAO scale can be measured at high redshifts through 21 cm emission from reionization [97], too.
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of SDSS DR12 [101]. In [101], Alam et al. adopted two characteristic quantities, DM (z)rs,fid/rs(zd)
and H(z)rs(zd)/rs,fid, to constrain various DE models. Here rs(z) is the comoving sound horizon,
given by
rs(z) =
∫ ∞
z
cs(z
′)
H(z′)
dz′, (20)
where cs(z) = 3
−1/2c[1 + 34ρb(z)/ρr(z)]
−1/2 is the sound speed in the photon-baryon fluid. zd is the
redshift of the drag epoch, whose fitting formula is [102]
zd =
1291(Ωm0h
2)0.251
1 + 0.659(Ωm0h2)0.828
[
1 + b1(Ωb0h
2)b2
]
, (21)
where
b1 = 0.313(Ωm0h
2)−0.419
[
1 + 0.607(Ωm0h
2)0.674
]
, b2 = 0.238(Ωm0h
2)0.223. (22)
In addition, rs,fid = 147.78 Mpc is the fiducial value of rs(zd).
Now, the χ2 function for the BAO data from the SDSS DR12 can be written as
χ2BAO = ∆pi
[
Cov−1BAO(pi, pj)
]
∆pj , ∆pi = pi − pdatai . (23)
Ref. [101] gave six BAO data points:
p1 = DM (0.38)rs,fid/rs(zd), p
data
1 = 1518,
p2 = H(0.38)rs(zd)/rs,fid, p
data
2 = 81.5,
p3 = DM (0.51)rs,fid/rs(zd), p
data
3 = 1977,
p4 = H(0.51)rs(zd)/rs,fid, p
data
4 = 90.4,
p5 = DM (0.61)rs,fid/rs(zd), p
data
5 = 2283,
p6 = H(0.61)rs(zd)/rs,fid, p
data
6 = 97.3. (24)
The covariance matrix CovBAO is given by
CovBAO(pi, pj) = σ(pi)σ(pj) NormCovBAO(pi, pj), (25)
where σ(pi) is the 1σ error of observed quantity pi, and NormCovBAO(pi, pj) is the corresponding
normalized covariance matrix. The values of σ(pi) and NormCovBAO(pi, pj) are listed in the table
8 of [101].
2.3.3. Cosmic Microwave Background
Cosmic microwave background (CMB) is the legacy of the cosmic recombination epoch, and
it contains abundant information of the early universe. In 1964, Penzias and Wilson detected the
CMB for the first time [103]; because of this great discovery, they won the Nobel Prize in Physics
1978. The discovery of CMB provided strong evidence that supports the Big Bang theory of the
universe [104], and opened a golden age of modern cosmology. In 1989, the first generation of
CMB satellite, the Cosmic Background Explorer (COBE), was launched. It discovered the CMB
anisotropy for the first time [105], and thus opened the era of the precise cosmology. Two of
COBE’s principal investigators, Mather and Smoot, received the Nobel Prize in Physics 2006. In
2001, the second generation of CMB satellite, the Wilkinson Microwave Anisotropy Probe (WMAP)
[106, 107], was launched. It precisely measured the CMB spectrum and probed various cosmological
parameters with a higher accuracy [108, 109, 110]. In 2009, the Planck satellite, as the successor to
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Figure 3 The Planck 2015 temperature power spectrum. The upper panel shows the best-fit base
ΛCDM theoretical spectrum fitted to the Planck TT+lowP likelihood, while the lower panel show
the residuals with respect to this model. From [111].
WMAP, was launched. The latest scientific results of the Planck satellite were published in 2015
[111] (see Fig. 3). In the following, we will introduce how to use the Planck 2015 data to perform
cosmology-fits.
As is well known, CMB anisotropy data can provide the strongest constraints on cosmological
parameters. Therefore, the inclusion of CMB data will be very helpful to break the degeneracies
among DE and cosmological parameters. In the literature, people often make use of the “distance
priors” data extracted from the CMB observations to constrain DE. These distance priors include
the “shift parameter” R and the “acoustic scale” lA.
The shift parameter R is defined as [112]
R ≡
√
Ωm0H20 r(z∗), (26)
where r(z) is the comoving distance given in Eq. (13). In addition, z∗ is the redshift of the photon
decoupling epoch, whose fitting formula is given by [113]
z∗ = 1048[1 + 0.00124(Ωb0h2)−0.738][1 + g1(Ωm0h2)g2 ], (27)
where
g1 =
0.0783(Ωb0h
2)−0.238
1 + 39.5(Ωb0h2)0.763
, g2 =
0.560
1 + 21.1(Ωb0h2)1.81
. (28)
In addition, the acoustic scale lA is defined as
lA ≡ pir(z∗)/rs(z∗), (29)
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where rs(z) is the comoving sound horizon given in Eq. (20). These two distance priors, together
with the baryonic matter parameter ωb ≡ Ωbh2, provide an efficient summary of CMB data as far
as DE constraints go [114].
Now, the χ2 function for the Planck 2015 distance prior data can be written as
χ2CMB = ∆qi
[
Cov−1CMB(qi, qj)
]
∆qj , ∆qi = qi − qdatai . (30)
Ref. [115] gave three CMB data points:
q1 = R(z∗), qdata1 = 1.7382,
q2 = lA(z∗), qdata2 = 301.63,
q3 = ωb, q
data
3 = 0.02262. (31)
The covariance matrix for (q1, q2, q3) is given by
CovCMB(qi, qj) = σ(qi)σ(qj) NormCovCMB(qi, qj), (32)
where σ(qi) is the 1σ error of observed quantity qi, and NormCovCMB(qi, qj) is the corresponding
normalized covariance matrix. The values of σ(qi) and NormCovBAO(qi, qj) are listed in the table
4 of [115]. 5
In addition to the CMB distance priors, one can also use the full CMB power spectrum to
constrain DE by applying the Markov Chain Monte Carlo (MCMC) global fit technique [111,
115]. For simplicity, we will not introduce how to use the MCMC global fit technique to perform
cosmology-fits. For the details of global fit technique, the reader can refer to [118] and references
therein.
2.3.4. Other Cosmic Probes
The target of this subsection is to give a qualitative overview for some other cosmic probes,
including weak lensing, galaxy clusters, redshift-space distortion, Alcock-Paczynski effect, standard
sirens, redshift drift and cosmic age test. Different from SNIa, BAO and CMB, these probes are
seldom used to constrain DE models in the literature, because of the lack of actual data or the
existence of significant systematic errors. Moreover, up to now there are still many debates about
how to make use of these probes to constrain DE models. So in this work, we do not describe how
to calculate the χ2 functions of these probes. We refer the reader to Ref. [53] for a more detailed
description about these DE probes.
• Weak Lensing
Weak lensing (WL) is the slight distortion of distant galaxies’ images, due to the gravitational
bending of light by structures in the Universe. Typically, the distortions of galaxies’ size and shape
are of the order of 1%. WL can provide a direct measure of the distribution of matter (independent
of any assumptions about galaxy biasing), and thus provide a useful tool to probe DE through its
influence on the growth of structure [119, 120, 121, 122, 123]. In principle, the effect of WL on the
distant sources can represent on the distortions in the shapes, sizes and brightness. In practice, the
shape distortions (called “cosmic shear”) have been used much more widely. A variety of statistical
5For some other CMB distance priors data, e.g. see [116, 117] and references therein.
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approaches have been used to extract information from cosmic shear, including cosmic shear power
spectrum [124], cross-correlation tomography [125], galaxy-galaxy lensing [126], cosmography [127],
and so on. For more details about the WL observation and its applications on the DE probe, see
[53] and references therein.
• Galaxy Clusters
Galaxy clusters (GC) are the largest gravitationally bound objects in the universe. They typically
contain 50 to 1000 galaxies and have a diameter from 2 to 10 Mpc. The studies of GC are crucial in
helping to establish the standard model of cosmology [128, 129, 130]. Today, GC are still capable to
test cosmology in a variety of ways. For example, cluster abundances provide a important tool for
constraining the growth of structure in the matter distribution. By comparing the predicted space
density of massive halos to the observed space density of clusters, one can get the cosmological
constraints on the present fractional matter density Ωm0 and the amplitude of the matter power-
spectrum σ8 [131]. In addition, one can also obtain the constraints on DE by using the X-ray cluster
gas mass fraction [132, 133]. For more details about the GC observation and its applications on
the DE probe, see [134] and references therein.
• Redshift-Space Distortion
Redshift-space distortion (RSD) is an observational phenomenon of anisotropic galaxy distribution
in redshift space, which is due to the peculiar velocities of the galaxies causing a Doppler shift in
addition to the redshift caused by the Hubble flow [135]. Observations of RSD in spectroscopic
galaxy surveys offer an attractive method for observing the build-up of cosmological structure, which
depends both on the expansion rate of the Universe and the theory of gravity. By modeling the full
redshift-space galaxy power spectrum, one can extract the parameter combination f(z)σ8(z), the
product of the growth rate and the matter clustering amplitude [136]. Now this quantity is often
used to constrain DE together with the BAO information [137, 138]. Therefore, RSD has become
an important cosmic probe for DE [139, 140, 141].
• Alcock-Paczynski Effect
The Alcock-Paczynski (AP) effect refers to the geometric distortion when an incorrect cosmological
model (with an incorrect value of the product H(z)DA(z)) is assumed for transforming redshift to
comoving distance, induced by the fact that measured distances along and perpendicular to the line
of sight are fundamentally different [142]. The AP effect can be measured through the statistical
study of galaxies clustering [143, 144, 145], the symmetry properties of galaxy pairs [146, 147, 148],
and the cosmic voids [149, 150, 151]. In addition, it is argued that measuring the redshift dependence
of AP effect may also derive useful cosmological constraints on DE [152, 153, 154].
• Standard Sirens
Since the great breakthrough of the direct gravitational waves (GW) detection of the Advanced
LIGO [155, 156], GW astronomy has become the most popular and most active research area in
astrophysics. The observation of GW has great potential to make interesting contributions to the
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studies of DE, because it can open an entirely different route to distance measurement. In 1986,
Schutz found that the luminosity distance of the binary neutron stars or binary black holes can be
independently determined by observing the GW generated by these systems [157]. If their redshifts
can be determined via other method, then they could be used to probe DE through the Hubble
diagram [158, 159, 160, 161, 162]. Because of the analogy between GW observations and BAO
measurements, this approach is often referred to as “standard siren”, which has drawn more and
more attentions [163, 164, 165, 166] 6.
• Redshift Drift
Along with the expansion of the universe, the redshift of a comoving cosmological source will
change over time. In 1962, Sandage was the first to propose that measuring this “redshift drift”
can provide a useful tool to test cosmology [174]. In 1998, Loeb repopularized the idea, noting
that high-resolution spectrographs on large telescopes may measure the effect in absorption-line
spectra of high-redshift quasars [175]. In other words, the variations of redshifts can be obtained
by direct measurements of the quasar Lyman-α absorption lines at sufficiently separated epochs
(e.g., 10 − 30 yrs). Then, it can be used to directly measures the expansion of the universe. The
redshift drift (also called Sandage-Loeb test) is unique in its coverage of the “redshift desert” at
2 ≤ z ≤ 5, where other DE probes are unable to provide useful information about this redshift
region [176]. Therefore, redshift drift is expected to be an important complementary to other DE
probes [177, 178, 179].
• Cosmic Age Test
The cosmic age problem is a longstanding issue in cosmology [180]. The conflict between the ages
of some old globular clusters and the age of a decelerating universe was one of the significant early
arguments for cosmic acceleration [181, 182, 183]. The return of cosmological constant Λ has greatly
alleviated the cosmic age problem [184]. However, the cosmic age puzzle remains in the standard
cosmology. For example, the existence of an old quasar APM 08279+5255 at z = 3.91 [185] is
still a mystery, because it is even older than the cosmic age given by almost all the mainstream
cosmological models [186, 187, 188]. In other words, to accommodate this anomalous object, some
more complicated cosmological model should be taken into account [189, 190, 191]. In addition, the
cosmic age test can also be used to distinguish DE models from inhomogeneous universe models
[192, 193].
3. Holographic Dark Energy
In this section, we introduce the key idea of the HDE model; in addition, we also introduce the
theoretical explorations and the observational constraints of this model.
3.1. The HDE Model
6DE can also leave characteristic features on the spectrum of primordial gravitational waves [167, 168, 169], which
may be detected via the measurements of CMB B-mode polarization [170, 171, 172, 173].
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3.1.1. Applying HP to The DE Problem
As pointed out in the introduction, HP it is the most important cornerstone of quantum gravity,
and has great potential to solve many long-standing issues of various physical fields. Now we apply
the HP to the DE problem. Let us consider a universe with a characteristic length scale L. The
HP tell us that all the physical quantities inside the universe, including the energy density of DE
ρde, can be described by some quantities on the boundary of the universe. It is clear that only two
physical quantities, the reduced Planck mass Mp and the cosmological length scale L, can be used
to construct the expression of ρde. Based on the dimensional analysis, we have
ρde = C1M
4
p + C2M
2
pL
−2 + C3L−4 + . . . (33)
where C1, C2, C3 are constant parameters
7. The first term is strongly disfavored by naturalness
(10120 times larger than the observational value!) [12]; this is the famous fine-turning problem (also
called the old cosmological constant problem) [18].
Cohen, Kaplan and Nelson [194] noted that the C1 term is not compatible with HP. Hinted
by HP, local quantum field theory should not be a good description for a black hole, or states at
the scale of its Schwarzschild radius. Especially, the traditional estimate ρde ∼ C1M4p from local
quantum field theory should not be present from this argument. Rather, the local quantum field
theory acquires a non-trivial UV cutoff Λ. To see this, note that the energy within a Schwarzschild
radius L is L3Λ4. By requiring this energy to be less than the mass of a corresponding black hole,
we have L3Λ4 < LM2p . As a result, the vacuum fluctuation estimated from this UV-cut-off quantum
field theory is ρde ∼ Λ4 . M2pL−2. Thus the C1 term is not present, and the expansion in (33)
should start from the second term.
Moreover, compared with the second term, the third and the other terms are negligible. There-
fore, the expression of ρde can be rewritten as
ρde = 3C
2M2pL
−2, (34)
where C is another constant parameter
It must be stressed that, this expression of ρde is obtained by combining the HP and the
dimensional analysis, instead of adding a DE term into the Lagrangian. Due to this unique feature,
HDE remarkably differs from any other theory of DE.
3.1.2. Future Event Horizon as The Characteristic Length Scale
As a next step, it is crucial to choose the specific expression of characteristic length scale L.
The simplest choice is the Hubble scale L = 1/H, giving a energy density that is comparable to
the present-day DE [195, 196]. However, Hsu had proved that this choice does not work because it
will yield a wrong EoS of DE [197]. In addition, choosing the particle horizon does not work either
because it is impossible to obtain an accelerated expansion on this basis.
In 2004, one of the present authors (Miao Li) suggested that L can be chosen as the future
event horizon [21]
L = a
∫ ∞
t
dt′
a
= a
∫ ∞
a
da′
Ha′2
. (35)
7Note that in general, C1, C2 and C3 may be time dependent. The time dependence of C2 and C3 can be absorbed
into the redefinition of the IR cutoff L. On the other hand, C1 only depend on the UV physics, and thus more likely
a constant because of the time translation symmetry of the fundamental theory (although there can be exceptions
such as theories with time varying GN ).
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Note that this horizon is the boundary of the volume a fixed observer may eventually observe. As
seen below, this choice will give a very competitive DE model.
Now consider the universe dominated by the HDE and the pressureless matter. For this case,
the Friedmann equation can be written as
3M2pH
2 = ρde + ρm, (36)
or equivalently,
E(z) ≡ H(z)
H0
=
(
Ωm0(1 + z)
3
1− Ωde(z)
)1/2
. (37)
Here
Ωde ≡ ρde
ρc
=
C2
L2H2
, (38)
where ρc ≡ 3M2PH2 is the critical density of the universe. Taking derivative of Ωde with respect to
ln a, and using Eq. 35, one can obtain a differential equation for Ωde
Ω′de = 2Ωde
(
−H
′
H
− 1 +
√
Ωde
C
)
, (39)
where the prime denotes derivative with respect to ln a. From Eq. 36, one can get
−H
′
H
=
3
2
− Ωde
2
− Ω
3/2
de
C
. (40)
Combining Eq. 39 with Eq. 40, one can obtain the following equation governing the dynamical
evolution of the HDE model
dΩde
dz
= −Ωde(1− Ωde)
1 + z
(
1 +
2
√
Ωde
C
)
. (41)
Since 0 < Ωde < 1, dΩde/dz is always negative, namely the fraction density of HDE always increases
along with redshift z → −1. This means that the expansion of the universe will never have a turning
point, so that the universe will not re-collapse in the future.
Solving numerically Eq. 41 and substituting the corresponding results into Eq. 37, the redshift
evolution of Hubble parameter H(z) of the HDE model can be obtained (As examples, see Fig. 4).
3.1.3. Some Important Properties of HDE
• EoS of HDE
From energy conservation,
ρ′m + 3ρm = 0. (42)
ρ′de + 3(1 + w)ρde = 0. (43)
Taking derivative of Eq. 34 with respect to ln a, and making use of Eq. 43, one can get the EoS of
HDE
w = −1
3
− 2
√
Ωde
3C
. (44)
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Figure 4 The redshift evolution of Hubble parameter H(z) of the HDE model. In this figure
Ωm0 = 0.3 is always adopted. The red dotted line, the blue dash-dotted line and the green dashed
line correspond to the cases of C = 0.6, C = 0.8 and C = 1, respectively. To make a comparison,
we also plot the result of the ΛCDM model.
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When the HDE is sub-dominant (i.e., at early universe with Ωde  1), w ' −1/3 thus Ωde ∼
a−2. When the HDE is dominant (i.e., at late universe with Ωde ' 1), w ' −1/3− 2/3C thus the
universe experiences accelerating expansion as long as C > 0; in other words, choosing future event
horizon as the characteristic length scale L indeed yields a kind of energy component behaving as
DE. Moreover, if C = 1, w = −1 thus HDE will be similar to the cosmological constant Λ; if C > 1,
w > −1 thus HDE will be a quintessence DE [198], corresponding to an eternal cosmic expansion; if
C < 1, w < −1 thus HDE will be a phantom DE in the far future [199], corresponding to a cosmic
doomsday called big rip [200, 201] 8. This means that C is the key parameter that determines the
property of HDE.
It should be mentioned that the value of C cannot be derived from the theoretical framework
of the HDE model, and it can only be obtained by fitting the observational data.
• Explanation for The Coincidence Problem
The coincidence problem can be reinterpreted as a problem of why the ratio between the DE
density and the radiation density is very tiny at the onset of the radiation dominated epoch [204].
We assume that in the inflation epoch there are only two energy components: the HDE and the
inflation energy; the latter is almost constant during the inflation epoch, and decayed into radiation
after the inflation.
Choosing the inflation energy scale as 1014 Gev, A rough estimate shows that the ratio between
ρde and ρr is about 10
−52 [21]. Since during inflation epoch the HDE is diluted as Ωde ∼ a−2, this
is equal to exp(−2N) with N = 60, namely the minimal number of e-folds in the inflation scenario.
In other words, HDE provides an explanation of the coincidence problem, as long as inflation only
last for about 60 e-folds. A similar result was obtained in [205].
3.2. Theoretical Explorations for The HDE Model
In addition to the dimensional analysis mentioned above, there are also a number of other
theoretical motivations leading to the form of HDE. We shall briefly review some of the motivations
in this subsection.
3.2.1. Entanglement Entropy from Quantum Information Theory
It is suggested that vacuum entanglement energy associated with the entanglement entropy
of the universe is the origin of DE [206]. The entanglement entropy of the quantum field theory
vacuum with a horizon can be generically written as
SEnt =
%R2h
l2
, (45)
where % is constant parameter that depends on the nature of the field, Rh = a
∫∞
t
dt′
a is the future
event horizon, and l is the ultraviolet cutoff from quantum gravity. The entanglement energy is
conjectured to satisfy
dEEnt = TEntdSEnt, (46)
8In addition to quintessence and phantom, a scalar field DE may also be a quintom DE, whose EoS can evolve
across the cosmological constant boundary [202]. See [203] for a review of quintom DE.
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where TEnt = 1/(2piRh) is the Gibbons-Hawking temperature. Integrating Eq. 46, one gets
EEnt =
%NdofRh
pil2
, (47)
where Ndof is the number of light fields present in the vacuum. Thus the energy density is
ρde = 3C
2M2pR
−2
h , (48)
where C =
√
βNdof
2pilMp
is in principle calculable in the quantum information theory. It is clear that this
energy density has the same form with HDE. Here β ∼ 0.3 from lattice simulation [207], Ndof ∼ 102
and l ∼ 1/Mp. Thus, C is naturally of order one. However due to theoretical uncertainties it is
difficult to predict the precise value of C.
3.2.2. Holographic Gas as Dark Energy
So far, the nature of a general strongly correlated gravitational system has not been well un-
derstood. The studies of condensed matter physics show that sometimes a system which appears
nonperturbative can be described by weakly interacting quasi-particle excitations. In [208] it is sug-
gested that the quasi-particle excitations of such a system may be described by a gas of holographic
particles, with modified degeneracy
w = w0k
AV BM3B−Ap , (49)
where V is the volume of the system, both w0, A, and B are dimensionless constants. Inspired
by holography, when taking T ∝ V −1/3 and S ∝ V 2/3, one can obtain B = (A + 2)/3, and the
corresponding energy density can be written as
ρ =
A+ 3
A+ 4
ST
V
, (50)
where S and T are the entropy and temperature of the system.
Then Eq. 50 can be applied to the cosmology. After adopting the Gibbons-Hawking entropy
S = 8pi2M2pR
2 and temperature T = 1/(2piR) (R is the radius of the universe), one can obtain
ρ = 3
A+ 3
A+ 4
M2pR
−2. (51)
This has the same form as HDE with
C2 =
A+ 3
A+ 4
. (52)
It is clear that the holographic gas model always satisfies C < 1, implying that the fate of our
universe is phantom like.
3.2.3. Casimir Energy in de Sitter Space
The Casimir energy is one of the important predictions in quantum field theory [209]. The
Casimir effect in de Sitter space is systematically studied in [210, 211, 212]. It is suggested that the
Casimir energy of electromagnetic field in static de Sitter space can be taken as a possible origin
of DE [213, 214]. It can be written as
ECasimir =
1
2
∑
ω
|ω|, (53)
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where the absolute value of ω is the energy with respect of time t of the static patch. ECasimir can
be calculated using heat kernel method with ζ function regularization. The final result is
ECasimir =
3
8pi
(
lnµ2 − γ − Γ′(−1/2)/Γ(−1/2))(L
l2p
− 1
L
ln
(
2L
l2p
))
+O(1/L), (54)
where L is the de Sitter radius, γ is the Euler constant and Γ′(−1/2) ' −3.48. Here a cutoff at
stretched horizon is imposed, which has a distance lp away from the classical horizon. Note that
the dominate term scales as ECasimir ∼ L/l2p. Thus the energy density scales as ρCasimir ∼M2pL−2,
which is the form of HDE.
3.2.4. Dark Energy from Entropic Force
Verlinde conjectured that gravity may be an entropic force, instead of a fundamental force of
nature [215]. [216] investigated the implication of the conjecture for DE. It is suggested that the
entropy change of the future event horizon should be considered together with the entropy change of
the test holographic screen. Consider a test particle with physical radial coordinate R, which is the
distance between the particle and the “center” of the universe where the observer is located. The
energy associated with the future event horizon Rh, using Verlinde’s proposal, can be estimated as
Eh ∼ NhTh ∼ Rh/G, (55)
where Nh ∼ R2h/G is number of degrees of freedom on the horizon, and Th ∼ 1/Rh is the Gibbons-
Hawking temperature. Following Verlinde’s argument (instead of Newtonian mechanics), the energy
of the horizon induces a force to a test particle of order Fh ∼ GEhm/R2, which can be integrated
to obtain a potential
Vh ∼ −Rhm
R
= −C2m/2, (56)
where after the integration one can take the limit R→ Rh, and C is a constant reflecting the order
one arbitrarily. Using standard argument leading to Newtonian cosmology, this potential term for
a test particle will show up in the Friedmann equation as a DE component ρde = 3c
2M2pR
−2
h . Again
it is the form of HDE.
3.2.5. HDE from Action Principle
Most DE models are from the action principle. It is argued that the form of HDE can also be
derived from the action principle [217].
The FLRW metric can be rewritten as
ds2 = −N2(t)dt2 + a2(t)[ dr
2
1− kr2 + r
2dΩ22]. (57)
Now consider the action
S =
1
16piG
∫
dt[
√−g(R− 2C
a2(t)L2(t)
)− λ(t)(L˙(t) + N(t)
a(t)
)] + Sm, (58)
where R is the Ricci scalar,
√−g = Na3, and Sm denotes the action of matter. Note that the first
two terms in the action are just the Einstein-Hilbert action plus the energy density of HDE. As for
the last term, λ(t) is just a Lagrange multiplier, which forces the cut-off in the energy density is
given by the event horizon. Please note that L˙(t)+N(t)/a(t)) = 0 is a local variant of the definition
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of event horizon. By taking the variations of N, a, λ, L, and redefining Ndt as dt, one can obtain
the corresponding equations of motion
(
a˙
a
)2 +
k
a2
=
C
3a2L2
+
λ
6a4
+
8pi
3
ρm,
2a¨a+ a˙2 + k
a2
=
C
3a2L2
− λ
6a4
− 8pipm, (59)
and
L˙ = −1
a
, L =
∫ ∞
t
dt′
a(t′)
+ L(a =∞),
λ˙ = −4ac
L3
, λ = −
∫ t
0
dt′
4a(t′)C
L3(t′)
+ λ(a = 0). (60)
In [217] the authors proved that L(a → ∞) = 0, so aL is exactly the future event horizon. It is
remarkable that the above equations of motion make equivalent the local and the global definition
of event horizon. This is an elegant property of HDE. Moreover, based on the formulas above, one
can obtain the energy density of DE
ρde =
1
8piG
(
C
a2L2
+
λ
2a4
)
, (61)
which is characterized by the future event horizon aL, and a new term λ
2a4
. In this term, the
λ(a = 0) component evolves in the same way as radiation, thus can be naturally interpreted as
dark radiation [218].
3.3. Observational Constraints on The HDE Model
Now, we introduce the observational constraints on the HDE model.
3.3.1. Parameter Estimation for The HDE Model
As mentioned in subsection 3.1.3, the parameter C plays an essential role in determining the
evolution of the HDE. If C = 1, the EOS of HDE will be asymptotic to that of a cosmological
constant, and the universe will enter the de Sitter phase in the future; if C > 1, the EOS of DE
will always be greater than -1, and the HDE will behave as quintessence DE; if C < 1, the EOS of
HDE will eventually cross the phantom boundary w = −1, leading to a phantom universe with big
rip as its ultimate fate. Since the result of C cannot be derived from the theoretical framework of
the HDE model, it is crucial to determine the value of C by using the cosmological observations.
A large number of research works had been done to constrain the parameter spaces of the HDE
model by using various observational data. In table 3, we list some observational constraints on
the HDE model obtained in recent ten years. A most distinct feature of this table is that all the
combinations of observational data mildly favor the case of C < 1, which corresponds to a phantom
universe with big rip. Similar results were obtained in [228, 229, 230, 231, 232, 233]. Moreover,
along with the rapid increase of the number of observed data points in recent years, the error bar of
parameter C has become smaller and smaller, thus this feature has become more and more obvious.
Phantom-like universe and big rip has profound implication for the fate of our universe. We shall
discuss more about the fate of the universe and possible ways to avoid the big rip singularity in
Section 4.7.
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Table 3 Some observational constraints on the HDE model obtained in recent ten years. Both the
best-fit values and 1σ errors of model parameters (including Ωm0 and C) are listed.
References Observational Data Ωm0 C
[219] gold04 0.46+0.08−0.13 0.21
+0.45
−0.14
[220] gold04+WMAP3+SDSS(parameter A) 0.28+0.03−0.03 0.81
+0.23
−0.16
[221] Chandra(X-ray gas mass fraction) 0.24+0.06−0.05 0.61
+0.45
−0.21
[222] gold06+WMAP3+SDSS 0.29+0.03−0.03 0.91
+0.26
−0.18
[223] gold06+WMAP3+SDSS+Chandra 0.276+0.017−0.016 0.748
+0.108
−0.109
[224] Union2+WMAP7+BAO(SDSS DR7) 0.273+0.017−0.017 0.696
+0.074
−0.074
[225] Union2.1+WMAP7+BAO+RSD 0.283+0.017−0.017 0.750
+0.098
−0.100
[226] Planck2013+WP+lensing 0.248+0.079−0.079 0.508
+0.207
−0.207
[227] SNLS3(linear β)+Planck2013+BAO 0.288+0.015−0.013 0.768
+0.112
−0.068
c
0.5
1
1.5
2
2.5
3
3.5
Ωm
0.1 0.5 0.6
WMAP-9
Planck+WP
Planck+WP+lensing
Crossing w=-1 Redshift
 z=0
 z=0.5
 z=1.0
 z=1.3
Figure 5 The effects of different CMB data on the cosmological constraints of the HDE model.
Both the marginalized 1σ and 2σ CL contours are plotted in the Ωm0−C plane. Dashed lines mark
the w = −1 crossing at z = 0, 0.5, 1.0, 1.3. From [226].
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Figure 6 The effects of the redshift-dependence of SN color-luminosity parameter β on the cosmo-
logical constraints of the HDE model. The marginalized 1σ and 2σ CL contours are plotted in the
Ωm0 − C plane. Both the results of constant β and linear β(z) are presented. From [227].
Some works studied the effects of adopting different observational data on the fitting results of
the HDE model. For example, [226] discussed the effects of different CMB data on the cosmological
constraints of the HDE model (see Fig. 5). It can be seen that the WMAP-9 data alone do not
lead to any effective constraint on parameter C, while the Planck+WP results show the preference
for C < 1 at the 1σ confidence level (CL). Adding the lensing data tightens the constraint, and the
present phantom behavior of HDE is preferred at the more than 1σ CL. Besides, It if found that in
the HDE model Ωm0 is constrained to be 0.26 − 0.28 at 1σ CL; in contrast, using WMAP-9 data
alone cannot lead to an effective constraint on Ωm0 in the HDE model. These results imply that
the Planck data can give much better constrains on the HDE model than the WMAP data.
In addition, [227] discussed the effects of the redshift-dependence of SN color-luminosity pa-
rameter β on the cosmological constraints of the HDE model (see Fig. 6). It is found that for the
constant β case, the best-fit result is Ωm0 = 0.274 and C = 0.687; for the linear β(z) case, the
best-fit result is Ωm0 = 0.288 and C = 0.768. This means that considering the β’s evolution will
enlarge the values of Ωm0 and C. Moreover, for these two cases, the 2σ CL ranges of parameter
space are quite different. These results reveal that ignoring the evolution of β may cause systematic
bias on parameter estimation. Therefore, the possible evolution of the supernova population with
redshift should be taken into account seriously.
3.3.2. More Numerical Studies on The HDE Model
• Statefinder Diagnostic for The HDE Model
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The scale factor of the Universe a can be Taylor expanded around today’s cosmic age t0 as
follows:
a(t) = 1 +
∞∑
n=1
An
n!
[H0(t− t0)]n, (62)
where
An =
a(t)(n)
a(t)Hn
, n ∈ N, (63)
with a(t)(n) = dna(t)/dtn. The Hubble parameter H(z) contains the information of the first
derivative of a(t). The deceleration parameter q is given by
q = −A2 = − a¨
aH2
, (64)
which contains the information of the second derivatives of a(t). Moreover, different letters of the
alphabet have been used to describe higher derivatives of a(t). For examples, A3 corresponds to
the jerk j, A4 corresponds to the snap s, and A5 corresponds to the lerk l (See [234, 235, 236] and
references therein). These quantities are called geometrical diagnostic in the sense that they only
depend upon the scale factor a(t) and hence upon the metric describing space-time.
A most famous geometrical diagnostic is the so-called “statefinder” pair {r, s} [237], defined as
r ≡
...
a
aH3
, s ≡ r − 1
3(q − 1/2) . (65)
Note that the statefinder probes the expansion of the universe through the third derivatives of a(t),
and can also be expressed as
r = 1 +
9
2
w(1 + w)Ωde − 9
2
w′Ωde, (66)
s = 1 + w − 1
3
w′
w
. (67)
Here the prime denotes derivative with respect to ln a. It is clear that different cosmological
model will yield different evolution trajectories in the s− r plane. The spatially flat ΛCDM model
corresponds to a fixed point
{s, r}
∣∣∣∣
ΛCDM
= {0, 1}. (68)
Departure of a given DE model from this fixed point provides a good way of establishing the
“distance” between this model and the ΛCDM model. As demonstrated in Refs. [238, 239, 240, 241],
the Statefinder diagnostic can effectively differentiate between a wide variety of DE models.
[242] studied the HDE model from the viewpoint of statefinder. The corresponding results are
shown in Fig. 7. It can be seen that the evolutionary trends of the HDE model for the cases of
C < 1 and C > 1 are upward and downward, respectively. Moreover, for the situations of C < 1,
the trajectories pass through the ΛCDM fixed point; while for the C > 1 cases, the tracks never
reach the ΛCDM fixed point. In addition, for the C = 0.21 case, r can arrive at a very large value
(∼ 40). So making use of the statefinder diagnostic can easily differentiate the HDE models with
different C. In other word, the parameter C plays a crucial role in determining the properties of
HDE, as well as the ultimate fate of the universe.
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Figure 7 The statefinder diagrams r(s) for the HDE model in the cases of C = 0.21, 0.7, 2.1,
respectively. The inset shows the complete curve for the case of C = 0.21. The round dots
represent the values of today for these cases. The ΛCDM model corresponds to a fixed point {0, 1}.
From [242].
• Future Redshift Drift Constraints on The HDE Model
As introduced in subsection 2.3.4, the “redshift drift” technique can directly measure the ex-
pansion rate of the universe in the redshift desert 2 ≤ z ≤ 5 ≤ by detecting the redshift variation in
the absorption-line spectra of Lyman-α forest of distant quasars. The redshift variation is defined
as [175],
∆v ≡ ∆z
1 + z
= H0∆to
[
1− E(z)
1 + z
]
, (69)
where ∆to is the time interval of observation, which is often set as 10, 20 or 30 years. According to
the Monte Carlo simulations, the uncertainty of ∆v expected by the cosmic dynamics experiment
can be expressed as [243]
σ∆v = 1.35
(
S/N
2370
)−1(NQSO
30
)−1/2(1 + zQSO
5
)x
cm/s, (70)
where S/N is the signal-to-noise ratio, NQSO is the number of observed quasars, zQSO represents
their redshift, and the last exponent x = −1.7 for 2 < z < 4 and x = −0.9 for z > 4. 9 By simulating
the Sandage-Loeb (SL) test data uniformly distributed over the redshift bin of zQSO ∈ [2, 5], one can
obtain the future redshift drift constraints on various cosmological models [245, 246, 247, 248, 249].
This method had also been used to study the HDE model. For example, [245] simulated the
SL 10-year data of 240 quasars, and used them to forecast the future redshift drift constraints on
9A previous expression of σ∆v was given in [244].
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Figure 8 The 1σ and 2σ CL contours in the Ωm0 − C plane (left panel) and Ωm0 − h plane (right
panel) for the HDE model. For comparison, both the results given by current only and current+SL
30-year data are plotted in this figure. From [250].
HDE. It is found that SL test can provide a extremely strong bound on Ωm0, while its constraint
on C is rather weak. In addition, [250] explored the impact of SL test on the precision of cosmo-
logical constraints for the HDE models, by adding 30 simulated SL 30-year data to the current
observational data (A combination of SNIa+BAO+CMB+H0 data). The corresponding results are
shown in Fig. 8. It can be seen that adding the SL test data effectively breaks the existing strong
degeneracy between various model parameters, and thus gives much tighter limits on these param-
eters. Therefore, future redshift drift measurements have great potential to significantly improve
the observational constraints on the HDE model.
4. More Topics in HDE Cosmology
The application of HP to DE has profound implications. Compared to a featureless cosmological
constant, much more questions can be asked within the context of HDE 10. In this section, we will
explore some of those questions.
4.1. Spatial Curvature
As already noted in [21], when HDE is a sub-dominant component, the energy density of HDE
scales as spatial curvature: ρde ∝ a−2. This is conceptually different from the cosmological constant,
whose energy density does not change no matter dominant or not.
10For more examples, see [251, 252, 253].
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In the conventional picture of ΛCDM + inflation, our spatial curvature is very likely to be
negligible. This is because there is no reason that inflation happens for 60 e-folds sharp. Once
inflation lasts much longer than the last 60 observable e-folds, which is typical for inflation model
construction, the spatial curvature is diluted much more. As result, today we should observe
negligible spatial curvature.
However, the framework of HDE predicts 60 e-folds of inflation. Thus the spatial curvature of
our present universe may not be many orders of magnitudes less than order one. In this subsection
we review the consequences of the spatial curvature in our present universe. Issues more related to
inflation will be reviewed in Subsection 4.5.
In [254], HDE in a closed universe is studied. Besides the motivations mentioned above, it is
also noted that for C = 1, the future of our universe with only HDE is de Sitter space. And de
Sitter space can be sliced into homogeneous and isotropic sections with positive spatial curvature as
well. (One can also slice de Sitter into spatial sections with negative spatial curvature, for example
the static patch metric of de Sitter. However, this is not a homogeneous and isotropic solution and
thus not describing cosmology). Thus a consistent description of HDE should include the study of
HDE in closed universe. We shall here adopt the convention that a0 = 1 for our present universe.
With spatial curvature, the defining equation of HDE still applies:
ρde = 3C
2M2pL
−2 . (71)
To find L, one note that in non-flat space∫ r(t)
0
dr√
1− kr2 =
∫ ∞
t
dt
a
=
Rh
a
. (72)
One can then solve r(t) from Eq. 72:
r(t) =
1√
k
sin
(√
kRh
a
)
. (73)
It is natural to choose the IR cutoff as
L = ar(t) . (74)
Similarly to the case without spatial curvature, it is convenient to study the EoS w and the
evolution of DE using variable Ωde ≡ ρde/ρc, where ρc ≡ 3M2PH2 is the critical density of the
universe. In a closed universe, we still have
HL =
C√
Ωde
. (75)
Inserting the IR cutoff L in Eq. 74, one obtains
L˙ = HL+ ar˙ =
c√
Ωde
−
√
1− kr2 = C√
Ωde
− cos
(√
kRh
a
)
. (76)
Comparing this result with the definition of w (where ρ˙de can be calculated using L˙), one can read
off the equation of state
w = −1
3
[
1 +
C
2
√
Ωde cos
(√
kRh
a
)]
. (77)
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The time evolution of HDE with spatial curvature can be solved by the master equation
Ω′de
Ω2de
= (1− Ωde)
[
2
C
1√
Ωde
cos
(√
kRh
a
)
+
1
1 + aΩk0/Ωde0
1
Ωde
]
. (78)
which can be derived similarly as the flat space case. (We here adopt the convention that Ωk +
Ωm + Ωr + Ωde = 1. In [21] the convention of Ωk differs by a sign.)
In such a universe, the fate of the universe is similar to the case of HDE in flat space. When
C = 1, the energy density of DE will approach to a constant. When C > 1, the energy density will
eventually be diluted due to cosmological expansion.
In [255], the formalism is generalized to include open universe cosmology. It is noted that by
defining a function sinn(x) ≡ sin(x), x, sinh(x) for Ωk < 0, Ωk = 0, and Ωk > 0, and replacing√
k with
√|k|, the formalism also covers open universes. The model has been tested against
observations. Using the SN data, a closed universe is favored at Ωk0 = −0.35+0.38−0.17 and C = 1.0+0−0.17
11. When using both SN and CMB data, the best fit value favors a flatter universe at Ωk0 =
−0.02± 0.10 and C = 0.84+0.16−0.03. In both cases a flat universe is consistent with observations.
Another approach for adding spatial curvature to HDE is proposed by [256]. In this approach,
the future event horizon Rh is directly used as the IR cutoff, instead of using ar(t). Following
similar calculations, the equation of state of HDE in this approach is
w = −1
3
− 2
3C
√
Ωde , (79)
which is identical to the equation of state of HDE in flat universe. But note that Ωde evolves
differently in flat universe and non-flat universes.
[256] also provided updated observational constraints on the HDE parameters, by using the
combined SN+BAO+CMB+H0 data. For the original model of HDE with curvature [21, 255],
C = 0.644+0.057−0.043 and Ωk0 = 1.582
+2.401
−3.045 × 10−3. For the case of L = Rh, C = 0.654+0.052−0.051 and
Ωk0 = 4.902
+3.024
−2.705 × 10−3. Here although a slightly open universe is favored, one should note that
using the same data, ΛCDM favors an even opener universe with Ωk0 = 7.636
+5.821
−5.284 × 10−3. 12
Further, [256] considered the time evolution of color-luminosity parameter β, and in that case, a
open universe is favored at about 2σ.
4.2. Neutrino
Neutrino physics has become an increasingly important part of modern cosmology (see, for
example, [257, 258] and references therein). Currently the masses of the neutrinos are not known.
Only the mass hierarchy is known to be
∆m221 = (7.65± 0.65)× 10−5eV2 , (80)
and
∆m232 = (2.40± 0.35)× 10−3eV2. (81)
11where the upper bound is set as a prior as C ≤ 1. We here adopt the convention that Ωk + Ωm + Ωr + Ωde = 1.
In [255] the convention of Ωk differs by a sign.
12There is an important difference between the data fitting process of the Planck 2015 paper [111] and the work of
Zhang et al. [256]. In [111], the full CMB power spectrum are used to constrain ΛCDM model; while in [256], only
the CMB distance prior data are used to constrain ΛCDM model. Therefore, although the fitting results of these two
papers are slightly different, both of them are reliable.
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Thus at least one neutrino has mass larger than 0.04eV. The mass hierarchy of the neutrinos may
be distributed in two ways, namely the normal hierarchy, where the 3rd generation neutrino has
greater mass than the first two generations; and the inverted hierarchy, where the 3rd generation
neutrino has less mass than the first two generations. The normal hierarchy predicts that the total
mass of the three generations has lower bound∑
mν ≥ 0.05eV , (82)
and the inverted hierarchy predicts that∑
mν ≥ 0.1eV . (83)
In cosmology, the neutrinos are ultra-relativistic (radiation) in the early universe and have
become non-relativistic (matter) now. It happens that the mass scale of neutrinos is close to the
energy scale of recombination. As a result, CMB physics is sensitive to the mass of neutrinos. At
the background level the matter radiation equality time is shifted and at the perturbation level free
streaming smooths the small scale power spectrum [259]. As a result, the CMB physics gives the
strongest to date upper bound on the total mass of neutrinos,
∑
mν < 0.17eV (95% CL, Planck15
TT, TE, EE + lowP + BAO) [111]. This greatly narrows down the parameter space of
∑
mν
(compared to the SN neutrino mass bound
∑
mν < 1eV and the beta decay bound
∑
mν < 6eV),
and is not far from the neutrino mass lower bound of inverted hierarchy.
The impact of neutrinos in the context of HDE is studied in details. A full Markov Chain Monte
Carlo exploration of HDE with spatial curvature and massive neutrinos is presented in [260]. The
study of neutrino in HDE in light of Planck 2015 data is presented in [261] and [262]. To address
the DE perturbations (as impacted by neutrino), the PPF framework [263] is used where the HDE
perturbations are modeled as scalar field perturbations. Interestingly, the degeneracy between∑
mν and H0 is different between ΛCDM and HDE [261]. In ΛCDM, these two parameters has
anti-correlation but in HDE these two parameters are positively correlated. As a result, much
tighter bound of neutrino mass can be obtained in HDE compared with ΛCDM. At 2σ CL, the
Planck 2015 TT, TE, EE + lowP + BAO + lensing + SN + H0 bound is (See Fig. 9)∑
mν < 0.197 (ΛCDM) , (84)
and ∑
mν < 0.113 (HDE) . (85)
Thus in HDE, the total neutrino mass is approaching the bound of the inverted hierarchy. In [262]
the normal hierarchy and inverted hierarchy are considered separately with HDE. It is found that
the minimal χ2 is smaller in the case of normal hierarchy, though the difference ∆χ2 (about 4 in a
combined analysis) is not yet enough to distinguish normal hierarchy and inverted hierarchy given
the observational data to-date.
4.3. Instability of Perturbation
A cosmological constant Λ does not have fluctuations. Once dynamical DE is considered,
fluctuations has to be considered, which affects evolution of the gravitational potential and growth
of structure. For scalar field DE models, the fluctuation of the scalar field can be studied using field
theory and is implemented in cosmological codes such as the PPF [263]. Indeed, in the literature
the HDE is sometimes modeled by PPF, but as HDE is by nature a cosmological constant with
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nontrivial UV-IR relations, theoretical study of the HDE perturbations is deserved, including the
stability of HDE, and the nature of its fluctuations.
The stability of HDE is first studied in [264]. Unfortunately, the analysis is based on sound
speed, which is within the framework of fluid and does not note the unique feature of HDE. In
[265], the analysis of HDE is performed based on the defining nature of HDE.
As the nature of HDE is not totally clear, assumptions have to be made for the study of stability
issue. In [265], two assumptions are made, namely, the fluctuation of HDE completely comes from
the fluctuation of the size of future event horizon (as evident in the original definition of HDE);
and spherical symmetric type of fluctuations (for technical simplicity). It is convenient to use the
Newtonian gauge. The perturbed metric is
ds2 = −[1 + 2Φ(r, t)]dt2 + a2(t)[1− 2Φ(r, t)]dx2 . (86)
With the scalar type fluctuations, the future event horizon becomes
Rh(0, t) =
∫ rh(t)
0
a(t)[1− Φ(r, t)]dr , (87)
where rh(t) is the the coordinate distance to the future event horizon, which can be written as
rh ≡ rh0 + δrh , δrh =
∫ ∞
t
2Φ(rh0(t
′), t′)
a(t′)
. (88)
Thus the fluctuation of the future event horizon can be written as
δRh(0, t) ≡ Rh(0, t)−Rh0 = a(t)
[∫ ∞
t
2Φ(rh0(t
′), t′)
a(t′)
dt′ −
∫ rh0
0
Φ(r, t)dr
]
, (89)
and the HDE energy density has fluctuation
δρde = −2ρde δRh
Rh
. (90)
To study the implication of such perturbations, one can insert the fluctuations into the Ein-
stein equations. The resulting integral-differential equation is difficult to solve precisely. However,
fortunately in the sub-Hubble limit and in the super-Hubble limit, the behavior can be studied by
analytical method. It can be shown that the sub-Hubble fluctuations are decaying modes; while
the super-Hubble fluctuations approaches to a constant. During the process of Hubble-crossing,
the fluctuation can grow. But the Hubble-crossing happens for a short period of time and the
growth of fluctuation is bounded. For example, when C = 0.8, in the mater dominated era the
HDE fluctuation can grow by O(100) at horizon crossing, and in the HDE domination about 2
times. For larger C the growth is less significant. The evolution of HDE in matter dominated and
DE dominated eras are plotted in Fig. 10.
Thus one gets the conclusion that the HDE fluctuations are stable (there is no unbounded
growth). If the quantum initial fluctuation of HDE is small enough, then it is consistent to study
HDE in the late universe without fluctuations.
In [265] only classical fluctuations are studied. It remains interesting to study the quantum
initial fluctuations of the HDE. More input from quantum gravity and HP may be needed to
complete such a study.
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Figure 10 The perturbation of HDE in matter dominate era with Ωde = 0.01 (left panel) and DE
dominated era with Ωde = 0.72 (right panel). The blue dashed, red solid and yellow dotted lines are
for C = 0.8, C = 1.0 and C = 1.2, respectively. One observes that in all cases, the perturbations
are stable at late times. From [265].
4.4. Time-Varying Gravitational Constant
As a non-renormalizable theory, gravity is believed to be sensitive to the UV physics. In the
framework of HDE, the UV cutoff is determined by the IR scales under consideration. Thus it is
possible that the gravity theory is modified in the framework of HDE. Here we review a simply
possibility where the Newton’s gravity constant is modified with time dependence [266, 267, 268].
More complicated modified gravity models with HDE will be reviewed later at Section 6.
Theoretically, the attempts to study time-varying gravitational constant dates back to [269] in
the framework of Kaluza-Klein compactification with a varying volume of extra dimension. Since
then in numerable models of modified gravity arise with varying gravitational constant. Putting
the time variation of gravitational constant together with HDE, one can derive the new master
equation for HDE
Ω′de = Ωde(1− Ωde)
[
1 +
2
√
Ωde
C
]
− Ωde(1− Ωde)G
′
G
. (91)
The solution of this equation of course depends on the explicit time dependence of G. Analytical
solution can be obtained in simple cases, for example in the case where ∆G ≡ G′/G = G˙/(HG) is
a constant.
Observationally, the time variation of the Newton’s constant G is constrained from astrophysics
to be ∣∣∣∣∣G˙G
∣∣∣∣∣ < 4.10× 10−11yr−1 (92)
from the Hulse-Taylor binary pulsar, helio-seismological data, SNIa and pulsating white dwarf star
G117-B15A (see [267] and the references therein). The Big Bang nuclei-synthesis (BBN) gives a
much tighter bound [270]
−3.0× 10−13 ≤ G˙
G
≤ 4.0× 10−13yr−1 . (93)
However, this tight bound is based on two data points at the time of BBN and now. It would still be
possible that the gravitational constant has some significant change in between in a non-monotonic
way. Thus whether to use constraint in Eq. 92 or Eq. 93 is a model dependent choice.
This HDE scenario with time-varying G is tested against data. In a flat universe, based on
SN, BAO, CMB and Hubble data, it is shown [267] that, a time-independent value of Newton’s
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constant is consistent with observations, with ∆G = −0.0016+0.0049−0.0049 at 1σ confidence level. The
corresponding constraint on C is 0.80+0.16−0.13. Allowing spatial curvature, similar analysis obtains
∆G = −0.0025+0.0080−0.0050 at 1σ confidence level, with C = 0.80+0.19−0.14, which is again consistent with the
null hypothesis.
4.5. Inflation
HDE originates from a UV/IR relation. It is interesting to see that in terms of the physics
phenomena, HDE also relates UV and IR in a special way. There have been two known periods of
cosmological accelerations in our universe. One is inflation happening at an extremely UV scale (and
is the highest energy scale that we have so far probed); the other is DE, related to the extreme IR
scale. In HDE, those two epochs of physics are connected by the cosmological coincidence problem.
The cosmic coincidence problem is solved by that we have about 60-e-folds of inflation13. On the
other hand, HDE become non-negligible again at the beginning of inflation14.
The relation between HDE and inflation was already noticed in the original work of HDE [21].
In [271], the impact of HDE for inflation is studied in more details.
It is assumed that HDE does not have density fluctuations. Although the quantum fluctuation
of HDE during inflation is not yet known, it is noticed that the sub-Hubble HDE fluctuations decay
[265]. Thus the vanishing HDE fluctuation is the most natural choice for inflation.
For simplicity, HDE is considered together with the minimal single field slow roll inflation. The
Friedmann equation during inflation takes the form
3M2pH
2 =
1
2
ϕ˙2 + V (ϕ) + 3C2M2pR
−2
h . (94)
Also, as the simplest possibility, it is assumed that HDE does not couple to the inflaton. Thus the
evolution equation for ϕ is still the conventional continuity equation
ϕ¨+ 3Hϕ˙+ Vϕ = 0 . (95)
They are the master equations for the homogeneous and isotropic background evolution. To derive
the time evolution of HDE, we note that the trick of using Ωde to solve the HDE sector is still valid.
One gets
Ω′de = −2Ωde(1− Ωde)
(
1−
√
Ωde
c
)
, (96)
where prime is with respect to ln a. This equation can be solved (for example, using Mathematica).
As expected, HDE starts from a dominate value, and after a few e-folds of inflation, HDE is diluted
exponentially (similar to curvature).
To study the perturbation theory with HDE, one follows the assumption that HDE does not
introduce additional fluctuations to the theory. As a result, the fluctuations of the gravitational
13In fact, the number 60 is approximate and depend on the detail of reheating. But the key point is that, at
the start of observable inflation (where the scale corresponding to the current size of observable universe exits the
Hubble horizon), HDE energy density should be comparable with the inflaton energy density. This is because when
HDE is subdominant, HDE energy density scales as curvature. The conventional argument about the importance of
curvature at the beginning of inflation applies here.
14Note that the inflationary Hubble radius is not a future event horizon (as inflation eventually ends). Thus if one
choose future event horizon as the IR cutoff to define HDE, HDE does not have to dominate throughout inflation.
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potential satisfies the same evolution equation
Φ¨ +
(
H − 2ϕ¨
ϕ˙
)
Φ˙ +
(
4H˙ −H 2ϕ¨
ϕ˙
+
ϕ˙2
M2p
)
Φ− ∇
2
a2
Φ = 0 . (97)
Here Φ is the gravitational potential in the Newtonian gauge defined in Eq. 86. The equation can
be solved by the standard procedure. The conserved curvature perturbation [272] can be calculated
as
Pζ =
H4
4pi2ϕ˙2
exp
[
4c2
∫ tLS
t
dt
R2hH
(
1− 1
RhH
)]
. (98)
The spectral index thus receives a correction
δns = − 10c
2
R2hH
2
(
1− 1
RhH
)
. (99)
This correction can becoem of order one when the future event horizon is close to Hubble size
(when HDE dominates the energy density of the early stage of inflation). This correction does not
fit the observations well (although cosmic variance dominates the uncertainty of the largest scales
of CMB, and thus the possibility is not totally ruled out). The resulting CMB power spectrum is
plotted in Fig. 11.
One should also note that the UV/IR relation may also affect the initial fluctuation of the
inflaton [273]. This is because, near the start of inflation, the size of the future event horizon is not
much larger than the Hubble radius (this is how HDE can contribute significantly to the energy
density of the universe at the start of inflation). As a result, one should cut off the super-Hubble
fluctuations. With this observation, HDE can also help solving the low ` suppression problem of
the CMB power spectrum.
4.6. Black Hole
We recall that black holes are the key of understanding the HP, both the original HP, and the
non-trivial UV/IR relation which eventually leads to HDE. There have not been very successful
attempts so far. In [274], a toy model relating HDE and a gas of black holes is studied.
Clearly, a gas of black holes does not behave like HDE. This is because the classical black holes
are pressureless and thus wBH = 0. This is different from HDE. In AdS/CFT, the CFT side has
equation of state wCFT = 1/3 because the black hole spacetime (in AdS) is dual to relativistic
radiation. This is even farther away from a component of DE like HDE.
However, it is noted in [275] that there is a duality between black hole with mass energy E = M ,
entropy S = A/4 and temperature T , and a quantum system of weakly interacting gas with internal
energy E′, entropy S′ and temperature T ′. The dictionary is
S′ → E = M , E′ → S = A/4 = piM2 , T ′ → 1/T = 8piM . (100)
Such a nontrivial relation shows hints for that the quantum pressure of black holes may be different
from the classical intuition. One notes that the energy surrounded by a spherical horizon can be
integrated to be E = 2TS. Compared to the law of thermodynamics E = TS − pV , one obtains
wQG = −1
2
. (101)
This is still too large to fit for observations. Yet it is a component which can drive cosmological
accelerations. It is argued that the physical origin of such a quantum equation of state may be
because of quantum Casimir energy of the black hole gas. It remains interesting to see whether
work along this line would result in more realistic HDE scenarios.
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Figure 11 The HDE impact on the CMB temperature power spectrum. The situations with and
without HDE correction 98, and the cutoff proposed in [273] are plotted. From [271].
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4.7. Big Rip Singularity
To close this section, we finally review the study of the fate of our universe under the framework
of HDE. Using the up-to-date observation, in the simplest HDE model, C is or order 0.8 and C ≥ 1
is rejected by more than 5σ. In such models, the future event horizon of the universe is shrinking.
Such a universe may end up with a big rip singularity.
However, HDE is intrinsically quantum gravitational. There have been many efforts to study
the evolution of HDE near the big rip and it is noticed that effects from quantum gravity can rescue
the universe from a big rip.
[276] first studied the generality of the big rip singularity in HDE. It is noted that for the case
of C < 1, classically it corresponds to a universe with finite time span, and thus the finite life time
of the universe ts also behaves as an IR cutoff. For example, the following IR cutoff is considered
in the paper
LΛ
C
=
2ts
(
Lp+Lf
pits
)2
[
1 +
(
Lp+Lf
pits
)2]2 , (102)
where LΛ is the IR cutoff, and Lp and Lf are the particle horizon and the future event horizon,
respectively. This simple example is chosen, because it leads to a simple solution
H =
1
2
(
1
t
+
1
ts − t
)
, (103)
and thus
a = a0
√
t
ts − t . (104)
And there is indeed a big rip singularity similarly to the original HDE scenario. It is noticed that
there are additional IR scales such as dLp/dt and/or dLf/dt.
Near the big rip singularity, the energy scale of the universe becomes so high that quantum effects
of gravity may play a key role. To resolve the big rip singularity, [276] uses conformal anomaly to
model the quantum gravitational back-reaction near the big rip. The conformal anomaly TA can
be computed to be
TA ≡ −ρA + 3pA = b
(
F +
2
3
∇2R
)
+ b′G+ b′′∇2R , (105)
where G is the Gauss-Bonnet combination
G ≡ R2 − 4RµνRµν +RµνρλRµνρλ , (106)
and F is the Weyl tensor squared
F ≡ 1
3
R2 − 2RµνRµν +RµνρλRµνρλ . (107)
The coefficients b and b′ are related to the field content in the effective action
b =
N + 6N1/2 + 12N1 + 611N2 − 8NHD
120(4pi)2
, (108)
b′ = −N + 11N1/2 + 62N1 + 1411N2 − 28NHD
360(4pi)2
, (109)
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where N , N1/2, N1, N2, NHD are the numbers of the scalar, spinor, vector, graviton, and higher
derivative conformal scalars, respectively. If the higher derivative conformal scalars do not con-
tribute significantly to the theory, then b > 0 and b′ < 0. It is assumed in [276] that we indeed have
b′ < 0. Note that b′′ can take any value because it can be renormalized by local counter term R2.
Making use of the nature of conformal anomaly TA = −ρA + 3pA and the continuity equation
ρ˙A + 3H(ρA + pA) = 0, one can thus solve pA to get
TA = −4ρA − ρ˙A/H . (110)
Thus ρA can be solved as
ρA = − 1
a4
∫ t
t0
dta4HTA (111)
Inserting Eq. 105, one can write ρA as
ρA = − 1
a4
∫ t
t0
dta4H[− 12bH˙2 + 24b′(−H˙2 +H2H˙ +H4)− (4b+ 6b′′)( ...H +7HH¨ + 4H˙2 + 12H2H˙)] .
(112)
Inserting this solution to the FRW equation, one finds
3H2(1− C2)
8piG
= −6b′H4 . (113)
Interestingly, for C < 1, this equation has two solutions. Namely
H2 = 0 , H2 =
1− C2
−16piGb′ . (114)
Recall that b′ < 0 for ordinary matter. Note that it is not likely for the universe to become flat
because then the energy scale of the universe drops. As a result, for C < 1, the universe approaches
to de Sitter space with finite Hubble parameter. The de Sitter radius of the universe is quantum
gravitational size `dS ∼ `Planck.
Another approach to avoid the cosmic singularity in HDE is considered by [277]. It is noticed
that in the brane world scenario, the Friedmann equation in our 3+1 dimensional brane is modified
into
3M2pH
2 = ρ
(
1 +
ρ
ρc
)
, (115)
where ρc = 2σ, and σ is the brane tension
σ =
6(8pi)2M6∗
M2p
, (116)
where M∗ is the fundamental Planck mass. Here a simple brane world model with one large extra
dimension is assumed.
The presence of the large extra dimension and the brane world scenario correspond to an
effective HDE parameter C,
Ceff = C
√
1 + 3C2M2pR
−2
h ρ
−1
c . (117)
At early times, the difference between Ceff(t) and C is small. This is because the size of the future
event horizon Rh is large compared to the brane tension. And thus it introduces a very small
correction. But once the future event horizon Rh become comparable with the brane tension,
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brane world effect increases Ceff(t). As a result, one cannot get to Rh → 0. The final de Sitter
attractor can be solved as
Rminh =
√
3C2Mp√
(1− C2)ρc
. (118)
The big rip singularity is thus resolved, and the future event horizon of the universe become
eventually compared with charasteric scales of the extra dimension. The numerical solution towards
the attractor is plotted in Fig. 12.
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Figure 12 The fate of our universe in the brane world scenario. The fractional DE density and the
Hubble parameter at late time of the universe are plotted. From [277].
It is also noted that the big rip singularity can be resolved in the framework of interacting dark
energy (IDE) if HDE decays to DM. This will be introduced in detailed in the next section.
5. Interacting Holographic Dark Energy
There is a theoretical possibility that DM and DE do not evolve separately but interact with each
other. In this section, we will introduce the research works of exploring the DE/DM interaction in
42
the framework of the interacting holographic dark energy (IHDE) scenario, from both the theoretical
and the observational aspects.
5.1. Theoretical Studies for The IHDE Model
The DE/DM interactions were first introduced to justify the currently small value of the cosmo-
logical constant [278, 279]; afterwards they were found to be very useful to alleviate the coincidence
problem [280, 281, 282, 283]. In addition, it has been proved that modified gravity (MG) models
can be expressed in terms of the DE/DM interaction in the Einstein frame [284, 285, 286, 287, 288].
This equivalence implies that if we can determine the specific interaction term, we will extend the
gravitational theory beyond the scope of GR. In the literature, these interacting models are widely
studied by using the parameterized post-Friedmann framework [289, 263, 290, 291, 292, 293, 294].
In recent years, a lot of attention have been paid to study the DE/DM interaction in the IHDE
scenario [295, 296, 297, 298, 299]. We refer the reader to Refs. [300, 301] for more comprehensive
and more detailed reviews on the topic of the DM/DE interaction.
Recently, the validity of DM/DE interaction is challenged from the consideration of radiative
stability, if DE is made of quintesence [302, 303]. As the nature of HDE is holographic vacuum
energy, such a local effective field theory analysis does not apply to HDE. It remains interesting to
investigate whether radiative stability may be a concern for the holographic properties of spacetime,
once interaction with DM is introduced.
5.1.1. Dynamical Evolution of The IHDE Model in A Non-flat Universe
Now let us consider the IHDE model in a non-flat universe. For this case, the first Friedmann
equation can be written as
3M2pH
2 = ρdm + ρb + ρr + ρk + ρde. (119)
After taking into account the interaction between dark sectors, the total energy density of all the
dark sectors is still conserved, but the energy density of DM and HDE evolve as
˙ρdm + 3Hρdm = Q, (120)
˙ρde + 3H(1 + w)ρde = −Q, (121)
where Q phenomenologically describes the interaction.
Owing to the lack of a fundamental theory of DM and DE, the quantity Q cannot be derived
from the first principle. In the literatures, the most common choice of Q is
Q = H(Γ1ρdm + Γ2ρde), (122)
where the coefficients Γ1,Γ2 are constants that need to be determined by observational data. It
is convenient to use a single parameter instead of two, so three choices are often made in the
literatures: Γ2 = 0, Γ1 = 0 and Γ1 = Γ2 = Γ3. This leads to three most widely used interaction
form
Q1 = HΓ1ρdm; Q2 = HΓ2ρde; Q3 = HΓ3(ρdm + ρde). (123)
There are some other phenomenological interaction forms were proposed, such asQ = HΓρdmρde/(ρdm+
ρde) [304], Q = HΓρ
ξ1
dmρ
ξ2
de/ρ
ξ1+ξ2−1
c [305], Q = Γ( ˙ρdm + ˙ρde) [306], and so on.
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As shown in [307], making use of the energy conservation equations for all the components in
the universe, one can obtain the form of pde,
pde = −2
3
H˙
H2
ρc − ρc − 1
3
ρr +
1
3
ρk. (124)
Substituting pde into Eq. (121), one can get a derivative equation of H˙ and Ω˙de
2(Ωde − 1)H˙
H
+ Ω˙de +H(3Ωde − 3 + Ωk − Ωr) = −HΩI . (125)
Here the effective dimensionless quantity for interaction is defined as
ΩI ≡ Q
H(z)ρc
. (126)
In addition, as shown in the subsection 4.1, in a non-flat universe the IR cut-off length scale L
takes the form
L = ar(t), (127)
where r(t) satisfies ∫ r(t)
0
dr√
1− kr2 =
∫ +∞
t
dt
a(t)
. (128)
Eq. 127 leads to another derivative equation of H˙ and Ω˙de
Ω˙de
2Ωde
+H +
H˙
H
=
√
ΩdeH2
c2
− k
a2
. (129)
Combining Eq. 125 with Eq. 129, one can eventually obtain the following two equations
governing the dynamical evolution of the IHDE model in a non-flat universe,
1
E(z)
dE(z)
dz
= − Ωde
1 + z
(
Ωk − Ωr − 3 + ΩI
2Ωde
+
1
2
+
√
Ωde
C2
+ Ωk
)
, (130)
dΩde
dz
= −2Ωde(1− Ωde)
1 + z
(√
Ωde
C2
+ Ωk +
1
2
− Ωk − Ωr + ΩI
2(1− Ωde)
)
. (131)
5.1.2. EoS of The IHDE Model
Then, we focus on the EoS w of the IHDE model. For simplicity, we just consider a flat universe
dominated by HDE and the pressureless matter. After taking into account the interaction between
matter and HDE, we have
˙ρm + 3Hρm = Q, (132)
˙ρde + 3H(1 + w)ρde = −Q. (133)
It is convenient to take the ratio of energy densities as [308]
r ≡ ρm
ρde
. (134)
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From Eqs. 132 and 133 we can obtain a differential equation for r
r˙ = 3Hrw +
(1 + r)Q
ρde
. (135)
Notice that
r =
1− Ωde
Ωde
; r˙ = −
˙Ωde
Ω2de
, (136)
then we can get
w = − Ω
′
de
3Ωde(1− Ωde) −
Q
3H(1− Ωde)ρde . (137)
This formula holds true for all the IDE models. In addition, as DE decays into pressureless matter
(i.e. Q > 0), it will give rise to a more negative w.
For the original HDE model, the future event horizon is chosen as the IR cutoff. From Eq. 131
we can get
Ω′de = 2Ωde(1− Ωde)
(√
Ωde
C
+
1
2
− Q
2H(1− Ωde)ρc
)
. (138)
Substituting Eq. 138 into Eq. 137, we can obtain
w = −1
3
− 2
√
Ωde
3C
− Q
3Hρde
. (139)
In Ref. [308], the authors considered a specific interaction form Q = 3b2Hρc, where b is a
dimensionless parameter. Thus, the EoS of the IHDE model can be written as
w = −1
3
− 2
√
Ωde
3C
− b
2
Ωde
. (140)
The evolution behavior of the DE EoS for different interaction strength b2 are plotted in Fig. 13.
As shown in [308], to allow w < −1 at the present stage, we only need
2Ωde0
3
(
1−
√
Ωde0
C
)
< b2 <
8C2
81
, (141)
and √
Ωde0 < C <
2
√
Ωde0
3Ωde0 − 1 . (142)
In other words, the IHDE model can accommodate a transition of the DE from a normal state
w > −1 to a phantom regime w < −1. This conclusion had been extended to a universe with
spatial curvature [309]. 15
15However, it was argued that the inclusion of the DM/DE interaction cannot lead to the phantom regime in the
framework of HDE, if the effective EoS weff , rather than the normal EoS w, is used in the analysis [310]. This
conclusion holds true for the case of non-flat universe [311, 312].
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Figure 13 The evolution behavior of the DE EoS for different coupling strength b2. A fixed C = 1
is adopted in the analysis. From [308].
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5.1.3. Alleviation of Coincidence Problem in The IHDE Scenario
Next, let us turn to the coincidence problem. For the case without the DM/DE interaction, Eq.
135 can be reduced to
d ln r
dx
= 3w, (143)
where x ≡ ln a. For a constant w, we have
r = r0a
3w. (144)
It is clear that r ∼ O(1) only when t is around t0, this is why the coincidence problem arises in the
standard cosmology.
It is seen that the inclusion of the DM/DE interaction will greatly change the dynamics of r.
A special case was given in [313]. Choosing Q = Γρde, Eq. 135 can be reduced to
r˙ = 3Hr
(
w +
1 + r
r
Γ
3H
)
. (145)
Moreover, choosing the Hubble scale 1/H as the characteristic length scale L, one can also obtain
the expression of DE EoS [313]
w = −1 + r
r
Γ
3H
. (146)
From Eqs. 145 and 146, one can see that
r˙ = 0. (147)
This means that appropriately choosing the interaction term Q and the characteristic length scale
L can lead to a constant r, and thus completely solve the coincidence problem.
For the HDE model, L has been chosen as the future event horizon; for this case, it is impossible
to get a constant r. In other words, in the framework of the original HDE model, the coincidence
problem cannot be completely removed by adding the DM/DE interaction alone [265]. But in
[314], the authors demonstrated that as long as the interacting term and the characteristic size
of holographic bound are appropriately specified, setting r˙ = 0 will yield a positive solution of
r, whose value is of O(1). In other words, the ratio r has a stable constant solution at the late
time, and its value is not far from the current measured value. This implies that certain amount of
DM/DE interaction can make r varies slowly with time, and thus alleviate the coincidence problem
significantly. For more discussions about the alleviation of the coincidence problem in the IHDE
scenario, see Refs. [315, 316, 317].
5.1.4. Generalized Second Law of Thermodynamics in The IHDE Scenario
As is well known, there is a deep connection between GR and thermodynamics [318]. Therefore,
the thermodynamics corresponding to an accelerated Universe has drawn a lot of attention [319,
320, 321, 322, 323]. Here we just discuss the validity of generalized second law of thermodynamics
in The IHDE Scenario.
Now consider a IHDE mode with the interaction term Q = Γρde. After defining the effective
EoS [310]
weffde = w +
Γ
3H
, weffm = −
1
r
Γ
3H
, (148)
the continuity equations can be rewritten in their standard form
˙ρm + 3H(1 + w
eff
m )ρm = 0, (149)
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˙ρde + 3H(1 + w
eff
de )ρde = 0. (150)
The entropy of the universe inside the future event horizon can be related to its energy and pressure
in the horizon through Gibbons equation [321, 322]
dSm =
1
T
(dEm + pmdV ), (151)
dSde =
1
T
(dEde + pdedV ). (152)
Here T = 12piL is the temperature of the future event horizon, V =
4piL3
3 is the volume containing
all the matter and DE,
Em =
4piL3
3
ρm, pm = w
eff
m ρm, (153)
Ede =
4piL3
3
ρde, pde = w
eff
de ρde. (154)
In addition, the entropy of horizon is SL = piL
2, so
dSL = 2piL · dL. (155)
Making use of Eqs. 151, 152 and 155, one can test the validity of generalized second law of
thermodynamics in The IHDE Scenario. Setare studied this topic in a closed universe; by adopting
the parameters Ωde0 = 0.73, Ωk0 = 0.01, C = 0.1 and b
2 = 0.2, he found [324]
d
dx
(Sm + Sde + SL) =
M2p
H2
(
−10.88 + 1482.88− 167.42q
H2
)
+
1.33
H2
, (156)
where q is the deceleration parameter. If q ≤ 8.85 − H2/15.4, then ddx(Sm + Sde + SL) ≥ 0. In
other words, the generalized second law of thermodynamics is respected for the special range of the
deceleration parameter q.
5.2. Observational Constraints on The IHDE Model
We have introduced the theoretical studies for the IHDE model. Now, we turn to the observa-
tional constraints on this model.
5.2.1. Parameter Estimation for The IHDE Model
For the IHDE model, it is crucial to determine the interaction strength from the cosmological
observations.
In [325], making use of the Glod04 and the ESSENCE SNIa samples, the A parameter of BAO
measurement from the SDSS and the shift parameter R from the WMAP3, Wu et al. constrained
the parameter space of HDE models with and without the interaction term Q = 9b2M2pH
2. The
fitting results are listed in table 4. From this table, one can see that all the combinations of data
favor b2 = 0 at 1σ CL, which means that a non-interacting HDE is favored by the cosmological
observations.
In [326], by using the Glod04 SNIa sample, the shift parameter of the CMB from the WMAP3,
the BAO measurement from the SDSS, the H(z) measurement and the lookback time data, Feng
et al. performed a statistical joint analysis of the IHDE model with the interaction term Q =
48
Table 4 Fitting results for HDE models with and without the interaction. From [325].
Model Results Gold04 Gold04+A+R ESSENCE ESSENCE+A+R
χ2 158.27 158.66 195.34 196.16
With Ωm0 0.32
+0.29
−0.13 0.29± 0.04 0.27+0.23−0.15 0.27+0.04−0.03
Interaction b2 0+0.2−0 0
+0.01
−0 0.02
+0.09
−0.02 0.002
+0.01
−0.002
C 0.82+0.48−0.18 0.88
+0.40
−0.07 0.85
+0.45
−0.18 0.85
+0.18
−0.02
χ2 158.27 158.66 195.75 196.29
b2 = 0 Ωm0 0.31
+0.07
−0.1 0.29± 0.03 0.27+0.03−0.14 0.27+0.03−0.02
C 0.82+0.48−0.04 c = 0.88
+0.24
−0.06 c = 0.85
+0.45
−0.02 0.85
+0.1
−0.02
Table 5 Fitting results for the IHDE model with the interaction Q = 3b2H(ρm + ρde). From [326].
Data C Ωde0 b
2 χ2min
SNIa + BAO 0.53+0.61−0.22 0.72
+0.05
−0.04 −0.10+0.131−0.125 156.24
SNIa + BAO + CMB 0.84+0.46−0.25 0.70
+0.04
−0.04 −0.004+0.012−0.012 158.45
SNIa + BAO + H(z) 0.82+0.89−0.31 0.71
+0.05
−0.04 −0.005+0.075−0.075 167.74
SNIa + BAO + Lookbacktime 0.62+1.22−0.28 0.72
+0.05
−0.05 −0.059+0.148−0.126 159.48
SNIa + BAO + CMB + H(z) 0.84+0.40−0.25 0.71
+0.04
−0.04 −0.003+0.010−0.012 167.75
SNIa + BAO + CMB + Lookbacktime 0.83+0.43−0.25 0.71
+0.04
−0.04 −0.003+0.012−0.013 160.08
3b2H(ρm + ρde). The corresponding results are summarized in table 5. Again, one can see that all
the combinations of data favor a non-interacting HDE.
Moreover, in [327], based on the Constitution SNIa sample, the shift parameter of CMB given
by the WMAP5 and the BAO measurement from the SDSS, Li et al. placed the observational
constraints on the HDE models with spatial curvature and three kinds of interaction
Q1 = −3bHρde; Q2 = −3bH(ρde + ρm); Q3 = −3bHρm. (157)
The corresponding results are shown in table 6 (See also Fig. 14). Once more, one can see that
adding the spatial curvature and the interaction terms cannot effectively reduce the value of χ2min,
which implies that there is no need to introduce the spatial curvature and the DM/DE interaction
in the HDE cosmology.
These research works demonstrate that the current cosmological observations do not support
the existence of DM/DE interaction in the HDE cosmology. This conclusion is insensitive to
the observational data or the specific interaction form used in the analysis. These results are in
agreement with some other numerical studies on the IHDE model [305, 307, 328].
5.2.2. Other Cosmic Tests on The IHDE Model
• Statefinder Diagnostic For The IHDE Model
As mentioned in the subsection 3.3.2, The statefinder pair {r, s} is a very useful tool to diagnose
the DE models. This diagnostic tool had been used to diagnose the IHDE model in [329]. Adopting
an interaction term Q = 3b2H(ρm + ρde), one can obtain
r = 1− 3
2
Ωdew
′ + 3Ωdew
(
1− 1
C
√
Ωde
)
, (158)
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Table 6 Fitting results for the HDE models with spatial curvature and three kinds of interaction.
From [327].
Model Ωm0 c Ωk0 b χ
2
min
HDE 0.277+0.022−0.021 0.818
+0.113
−0.097 465.912
KHDE 0.278+0.037−0.035 0.815
+0.179
−0.139 (7.7× 10−4)+0.018−0.019 465.906
IHDE1 0.277+0.035−0.034 0.818
+0.197
−0.257 (6.1× 10−5)+0.036−0.025 465.911
IHDE2 0.277+0.034−0.036 0.816
+0.170
−0.223 (1.6× 10−4)+0.009−0.008 465.910
IHDE3 0.277+0.034−0.036 0.815
+0.164
−0.209 (3.0× 10−4)+0.011−0.011 465.909
KIHDE1 0.281+0.047−0.043 0.977
+0.563
−0.551 0.030
+0.066
−0.127 −0.046+0.243−0.102 465.697
KIHDE2 0.281+0.047−0.044 0.974
+0.559
−0.475 0.030
+0.070
−0.100 −0.042+0.191−0.073 465.700
KIHDE3 0.280+0.045−0.042 0.961
+0.231
−0.499 0.061
+0.038
−0.210 −0.048+0.113−0.042 465.719
Figure 14 Probability contours at 1σ and 2σ CL in the Ωm0 − b plane, for the three IHDE models.
From [327].
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Figure 15 The statefinder diagrams r(s) for the IHDE with a fixed parameter C and different
interaction strength b2. The arrows in the diagram denote the evolution directions of the statefinder
trajectories. The star denotes the ΛCDM fixed point (0, 1), and the dots show today’s values for
the statefinder parameters (s0, r0). From [329].
s = 1 + w − w
′
3w
+
b2
Ωde
, (159)
where
w′ = (1− Ωde)
(
b2 − Ω
3/2
de
3C
)[
1
Ωde
− 3b
2
Ωde(1− Ωde) +
2
C
√
Ωde
]
. (160)
Fig. 15 shows the statefinder diagrams r(s) of the IHDE model, for the cases of C = 1 with
various interaction strength such as b2 = 0, 0.02, 0.06 and 0.10, meanwhile the present density
parameter of DE is chosen as Ωde0 = 0.73. The star denotes the ΛCDM fixed point (0, 1), and the
dots show today’s values for the statefinder parameters (s0, r0). One can see that the evolution
trajectories with different interaction strengths exhibit different features in the statefinder plane.
When the interaction is absent, the r(s) curve for HDE ends at the ΛCDM fixed point (0, 1).
However, after taking the interaction into account, the endpoints of the r(s) curves could not
arrive at the ΛCDM fixed point, though all of the evolution trajectories still tend to approach this
point. Moreover, it can be seen that stronger interaction results in longer distance to the ΛCDM
fixed point. Therefore, the interaction between HDE and DM makes the statefinder evolutionary
trajectories with the same C tremendously different.
• Alleviation of Cosmic Age Problem in The IHDE Model
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Table 7 The values of Tcos(3.91) and τ(3.91) in the IHDE models with C = 0.8, Ωm0 = 0.28,
h = 0.64 and different interaction strength. From [330].
Case I (Γ2 = 0) Γ1 0.02 0.06 0.10 0.15
Tcos(3.91) 0.1172 0.1246 0.1335 0.1475
τ(3.91) 0.894 0.951 1.019 1.126
Case II (Γ1 = Γ2) Γ 0.01 0.02 0.03 0.05
Tcos(3.91) 0.1194 0.1253 0.1316 0.1456
τ(3.91) 0.912 0.957 1.005 1.111
Case III (Γ1 = 0) Γ2 0.01 0.03 0.05 0.07
Tcos(3.91) 0.1177 0.1259 0.1346 0.1440
τ(3.91) 0.899 0.961 1.028 1.099
The age of the universe at redshift z is given by
t(z) =
∫ ∞
z
dz′
(1 + z′)H(z′)
. (161)
It is convenient to introduce a dimensionless cosmic age
Tcos(z) ≡ H0t(z) =
∫ ∞
z
dz′
(1 + z′)E(z′)
. (162)
In cosmology, there is a very basic principle that the universe cannot be younger than its con-
stituents. In other words, at any redshift z, the age of the universe should be larger than, or at
least equal to, the age of all the old objects, namely Tcos(z) ≥ Tobj(z) ≡ H0tobj(z), where tobj(z) is
the age of the old object at redshift z. One can also define a dimensionless quantity
τ(z) ≡ Tcos(z)
Tobj(z)
. (163)
Then, the condition Tcos(z) ≥ Tobj(z) is translated into τ(z) ≥ 1.
As mentioned in subsection 2.3.4, the existence of an extremely old quasar APM 08279+5255
is still a mystery, because it has an age lower bound tobj(3.91) = 2.0 Gyr at z = 3.91 [185], which is
larger than the cosmic age given by almost all the mainstream cosmological models. For example,
Friaca et al. demonstrated that the ΛCDM model cannot give a result of τ(3.91) ≥ 1, and thus it
is fail to accommodate this extremely old quasar [186]. In addition, Wei and Zhang found that the
original HDE model cannot accommodate this quasar, too [188].
Cui and Zhang revisited this cosmic age problem in the framework of the IHDE model [330].
They parameterized the interaction term as Q = 3H(Γ1ρde + Γ2ρm), and then considered the
following three cases: (i) Γ2 = 0, and thus Q = 3Γ1Hρde; (ii) Γ1 = Γ2 = Γ, and thus Q =
3ΓH(ρde + ρm); (iii) Γ1 = 0, and thus Q = 3Γ2Hρm. The cosmic age for these three IHDE models
(with C = 0.8, Ωm0 = 0.28, h = 0.64 and different interaction strength) are shown in table 7. From
this table we see that, along with the increase of the interaction strength, the cosmic age Tcos also
increases. It is clear that, for all the cases, the value of τ(3.91) can be greater than 1 when the
value of interaction strength is large than 0.1. This implies that the interaction between dark sector
may be a crucial factor to alleviate the cosmic age problem [190, 191, 330].
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6. HDE in Various Modified Gravity Theories
HDE is a great arena for modified gravity (MG) for a few reasons.
• As a non-renormalizable theory, and currently the only known non-renormalizable theory,
gravity is UV sensitive. In HDE the UV cutoff of the theory depends on the IR cutoff. The
IR cutoff is set at the cosmological scale for the concern of DE. As a result, the UV cutoff
is much affected. As we do not have a firm RG equation for quantum gravity, the best we
can do is to take a modified gravity theory with the presence of HDE as a candidate of the
IR gravity theory. For this reason, actually, even if a MG theory is ruled out on earth, solar
system or galactic scale experiments, the MG theory may still be considered together with
HDE because cosmological scales is a completely different scale.
• For many MG models to work as DE, they still have to solve the old cosmological constant
problem. HDE solves the problem for this MG theories. Thus the MG theory in HDE can
focus on the naturalness from first principle, dynamics of DE, agreement with observations,
etc.
• Observationally, HDE has two parameters, which is relatively few compared with most DE
models (although the cosmological constant has one parameter only). Thus MG on top
of HDE has stronger predictability compared to those on top of DE scenarios with more
parameters (or even free functions).
There has been rich literature in HDE. In the below subsections we review some of them.
6.1. Brans-Dicke Theory
The Jordan-Fierz-Brans-Dicke theory (often referred to as the Brans-Dicke theory) [331, 332,
333] is one of the earliest theories of modified gravity which is still viable now. The Brans-Dicke
theory in the framework of HDE is studied in [334, 335, 336, 337].
In Brans-Dicke theory, the action of gravity is modified into
S =
∫
d4x
√−g
[
− 1
8ω
φ2R+
1
2
gµν∂µφ∂νφ+ LM
]
, (164)
where φ is the Brans-Dicke scalar field. The effective Newton’s gravitational constant is
Geff =
ω
2piφ2
. (165)
The generalized Friedmann equation, generalized second Friedmann equation and the continuity
equation for φ take the forms
3
4ω
φ2
(
H2 +
k
a2
)
− 1
2
φ˙2 +
3
2ω
Hφ˙φ = ρ , (166)
− 1
4ω
φ2
(
2a¨
a
+H2 +
k
a2
)
− 1
ω
Hφ˙φ− 1
2ω
φ¨φ−
(
1
2
+
1
2ω
)
φ˙2 = p , (167)
φ¨+ 3Hφ˙− 3
2ω
(
a¨
a
+H2 +
k
a2
)
φ = 0 . (168)
One can then decompose ρ into matter part ρm and HDE part ρDE .
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We now proceed to solve those equations. For simplicity, flat space model with k = 0 is reviewed.
It is possible and convenient to parameterize the time evolution of φ as power law
φ
φ0
=
(
a
a0
)ζ
. (169)
The Friedmann equation is thus
H2 =
2ρ
(6 + 6ζ − ωζ2)φ . (170)
Taking the φ > 0 branch of solution, the consistency requirement for ζ is that 6 + 6ζ −ωζ2 > 0. In
this regime, the equations can be solved and the equation of state of HDE is
w = −1
3
(
1 + ζ +
2
c
√
Ωde
)
. (171)
The “deceleration parameter” q can be calculated as
q ≡ − a¨
aH2
=
1
2
+ ζ +
ζ
8 + 2ζ
+
6wΩde
4 + ζ
. (172)
The standard HDE can be recovered in the ζ → 0 limit. Observationally, given the constraint on
Newton’s gravitational constant, one needs ζ < 0.14.
6.2. Braneworld Theory
HDE in braneworld theories are extensively studied. There are many versions of brane world
theories [338, 339, 340, 341, 342, 343, 344, 345, 346]. In Section 4.7, we have discussed how a
Randall-Sundrum [347] braneworld model avoids the doomsday in a C < 1 HDE scenario. Here, we
shall focus on the Dvali-Gabadadze-Porrati (DGP) [348] braneworld. Although DGP gravity itself
does not fit current dark energy data well, with HDE, DGP can agree with up-to-date observations
[346].
In a DGP braneworld, it is postulated that spacetime have 5 dimensions (5d) in total (or the
additional dimensions are compactified as usual). Gravity lives in both 5d and 4d, and matter lives
only in 4d. The corresponding action is
S =
M25
2
∫
d5X
√−GR5 +
M2p
2
∫
d4x
√−gR+
∫
d4x
√−gLm + SGH , (173)
where the capital X and G denote 5d coordinate and metric, and small x and g denote 4d coordinate
and metric, respectively. The 4d metric gµν is the induced metric on the brane, embedded in the
5d. The SGH is the Gibbons-Hawking boundary term.
The Friedmann equation in DGP gravity is
H2 − H
rc
=
ρ
3M2p
, (174)
where H is the 4d Hubble parameter, and rc is a characteristic distance arising from different
dimensional Planck constants, rc ≡ M2p /(2M35 ). At distances r  rc, the 4D Einstein’s gravity
applies. And at distances r  rc, one recovers the 5d gravity. Here  = ±1 denotes two branches
of solutions of the DGP cosmology: the  = 1 branch is the self-accelerating branch and the  = −1
branch is the branch where the DGP gravity itself does not have acceleration.
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Although the  = 1 branch can have self-acceleration, the solution does not look like a DE
component [349, 350]. Thus in either branch of DGP, additional components are needed to behave
as DE. To avoid the cosmological constant problem, HDE is an ideal component to add to the DGP
scenario.
There are two approaches to apply HDE to DGP braneworld. Namely, one can study the 4d
HDE or the 5d HDE, where the UV/IR cutoff relation is imposed in 4d and 5d respectively.
In most studies, the 4d HDE is studied. In this approach, one adds the ρDE to the energy
density of the 4d components. By defining that Ωrc = 1/(4r), one can calculate the evolution of
Ωde for the HDE component, namely, for the cutoff chosen to be the future event horizon, one gets
[342]
Ω′de =
2
C(1 + z)
Ω
3/2
Λ
(
−1√
Ωm + Ωde + Ωrc + 
√
Ωrc
+
C√
Ωde
)
. (175)
Similar results can be obtained for particle horizon and Hubble horizon. Namely, for the particle
horizon,
Ω′de =
2
C(1 + z)
Ω
3/2
Λ
(
1√
Ωm + Ωde + Ωrc + 
√
Ωrc
+
C√
Ωde
)
, (176)
and for the Hubble horizon,
Ω′de =
3ΩmC
2
(1− C2)(1 + z)√Ωrc + Ωm(1− C2)
[

√
Ωrc +
√
Ωrc + Ωm(1− C2)
]
. (177)
The evolution of HDE in DGP can thus be solved with those cutoff possibilities.
Some efforts are also made in implementing the 5d HDE in the DGP braneworld [340, 341, 346].
The HDE in 5d can be derived from a similar observation as in 4d. For the 5d vacuum fluctuation
not to exceed the energy density of a black hole, one requires ρΛ5V (S
3) < MBH , where the volume
of a sphere in 5d is V (S3) = pi2r4/2, the Schwarzschild black hole mass in 5d is MBH = 3piM
3
5 r
2
s/8.
Thus,
ρΛ5 =
3C2M35
4piL2
, (178)
Here L is the IR cutoff in the DGP theory. One can then write down the Friedmann equation in
4d. One finds that the 4d effective DE can be written as
ρeffde =
3M2p 
8pirc
√
H2 − C2L−2 . (179)
This equation can be considered as the defining feature of [340, 341, 346] as a model of dark energy.
A choice on L can be made (for example L = 1/H) and then the model can be fit with observations
[346].
6.3. Scalar-Tensor Theory
The Brans-Dicke gravity is a simple type of scalar-tensor theory. It can be further generalized
into f(R,φ) gravity, and further a more general scalar-tensor theory. HDE in a scalar-tensor theory
is studied in [351], with the action
S =
1
2
∫
d4x
√−g
[
F (φ)R+ U(φ)gαβ∇αφ∇βφ+ V (φ)
]
+ Sm . (180)
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HDE with flat and curved spatial section are studied within this framework. Actually, this scalar-
tensor theory can be further generalized to be [352]
L = P (φ,X)−G3(φ,X)φ+G4(φ,X)R+G4,X
[
(φ)2 − (∇µ∇νφ)2
]
+G5(φ,X)Gµν∇µ∇νφ− 1
6
G5,X
[
(φ)3 − 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3
]
. (181)
This is known as the Horndeski’s theory. Interesting DE candidates (as tuning mechanism) are
studied by [41]. And the theory can actually be further generalized. It remains interesting to study
HDE in those contexts, including how holography requirements (such as Schwarzschild radius is
modified and thus the UV-IR relation would be modified), how existing DE theories from 181 would
be altered with the presence of HDE, and so on. Alternatively, those studies can also be performed
in the framework of effective field theory of dark energy [353].
6.4. Horava-Lifshitz Theory
The key issue in quantum gravity is that gravity is a non-renormalizable theory. There have
been many approaches to attack this problem. One simple approach is proposed by [354]. The
observation is as follows.
In a Feynman diagram, each gravitational propagator contributes a factor of 1/k2. In loop
integrals, this 1/k2 behavior is not enough to control the UV divergence and thus the theory
becomes not only divergent in the UV, but non-renormalizable. If the propagator had higher
powers in k, namely 1/kn where n ≥ 4, one would obtain a normalizable theory.
It is straightforward to construct theories with 1/kn (n ≥ 4) propagators. Simply, one can add
higher derivatives to the gravitational Lagrangian. As the propagator is the inverse of the quadratic
Lagrangian in momentum space, one gets 1/kn where n ≥ 4 behavior.
However, an additional problem arises in such high (finite) derivative theories, namely the ghost
problem. Note that a propagator like
1
k2GNk4
=
1
k2
− 1
k2 − 1/GN (182)
can be decomposed into two propagators, one with positive propagator and the other with negative
propagator. The negative propagator is problematic because such a term either breaks the optical
theorem of quantum field theory and thus destroy the probability interpretation of quantum field
theory as a quantum theory, or its energy is not bounded from below and thus unstable (which
case to appear depends on the choice of the i prescription).
[354] proposed a solution to this problem, by giving up the Lorentz invariance in the UV. For
example, a scalar with anisotropic scaling in space and time directions (known as the Lifshitz
scaling) can have an action
S =
∫
dtd3x
{
φ˙2 − (∇2φ)2
}
, (183)
where ∇ denotes covariant derivative in the spatial direction. This action is obviously not Lorentz
invariant. But it generates a propagator which scales as 1/k4 in the UV.
Similarly, a gravitational theory with such anisotropic scaling can be constructed. One can
write the gravitational section
Sg =
∫
dtd3x
√−g
{
2
κ2
(KijK
ij − λK2) + . . .
}
, (184)
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where . . . denotes the high derivative terms that will not affect our review. Here κ ≡ 8piG, and Kij
is the extrinsic curvature on a 3-dimensional spatial hypersurface
Kij =
1
2
(
h˙ij −∇iNj −∇jNi
)
, (185)
where hij is the induced metric on the spatial hypersurface and Ni is the shift vector. They are
defined in the ADM decomposition of the metric as
ds2 = −dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
, (186)
and we have set the lapse function N = 1 as an assumption of the (projectable version of) the
Horava-Lifshitz gravity. Here λ is a free parameter.
The Friedmann equations can be found to be
H2 =
κ2
6(3λ− 1)ρ+
βk
a2
, (187)
H˙ +
3
2
H2 = − κ
2
4(3λ− 1)p+
βk
2a2
, (188)
where β ≡ κ4µ2Λ/[8(3λ − 1)2]. The continuity equation is not modified by the Horava-Lifshitz
gravity.
The implication for DE for Horava-Lifshitz gravity is studied in [355]. The implication for HDE
is studied in [356]. In Horava-Lifshitz gravity, the evolution equation of HDE can be derived as
Ω′de
Ωde
=
2
Ωde
[
2 +
√
Ωde
2C
+
Ωde
4(3λ− 1) +
Ω
3/2
de
2C(3λ− 1)
]
. (189)
Compared with the original HDE scenario, it is clear that the λ parameter enters the evolution
equation for Ωde. This λ parameter is from the defining feature of Horava-Lifshitz gravity as possible
anisotropic scaling of spacetime. The cosmological evolution can be deduced from here. It remains
interesting to constrain λ together with c with the observational data.
6.5. Other MG Theories
We here review a few other approaches of HDE in MD.
In [357], the impact of HDE in loop quantum gravity and braneworld scenarios with timelike
extra dimension are considered. In both theories, the Friedmann equation is modified into (see
[358, 347])
H2 =
8piG
3
ρ
(
1− ρ
ρc
)
. (190)
This Friedmann equation is similar to that with spacelike extra dimension, but differ by a sign in
front of the ρ/ρc term. The different sign makes significant difference in the time evolution. This is
because, with the minus sign, the Hubble parameter has a chance to reach 0 when ρ approaches to
ρc. Once crossing H = 0, the universe turns between expansion and contraction by a big bounce.
In such cosmology, the equation of state of HDE is not modified
w = −1
3
(
1 +
2
C
√
Ωde
)
, (191)
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while the evolution equation of Ωde is modified into
Ω′de = 2Ωde(Ωde − 1)
(
1
C
√
Ωde − 1
)
. (192)
The universe experience cyclic evolution in this model. It is noted that one has to replace the future
event horizon into the future event horizon at the bouncing time, for the model to be self-consistent.
As another example, HDE is studied in induced gravity ([359, 360]) by [361]. The idea of
induced gravity is that the Einstein’s gravity is a result of spontaneous symmetry breaking. The
action of induced gravity is
S =
∫
d4x
√−g
[
−1
2
φ2R− 1
2
gµν∂µφ∂νφ− V (φ) + Lω
]
, (193)
where  is a dimensionless coupling constant. The effective Newton’s gravitational constant in
induced gravity is
Geff =
1
8piϕ2
. (194)
The V (φ) is taken to be of a shape of spontaneous symmetry breaking
V (φ) =
1
8
λ
(
φ2 − v2)2 . (195)
At low energy, the spontaneous symmetry breaking drives gravity to the Einstein’s gravity. The
evolution of HDE can be solved in induced gravity as shown in [361].
Although HDE with modified gravity is already a huge literature [362, 363], there are many
possibilities left unexplored. Especially, recently there have been fast development on massive
gravity and bimetric theories (see for example [364] and the references therein). It is interesting to
combine those theories and HDE, and compare such theories with observations.
7. Reconstruction Scalar Field DE and MG from HDE
7.1. Reconstructing Scalar Field DE
HDE is usually considered to be a very different model of DE compared to scalar field mod-
els. However, it is interesting to note that with non-trivial potentials, one can use scalar field to
reconstruct HDE [365, 366, 367, 368, 369, 370, 371, 372, 373, 374, 375, 376, 377].
Although the parameter regime C > 1 is ruled out in the simplest HDE models observationally
by more than 5σ, technically the C > 1 case is more conventional for the purpose of construction.
This is because with C > 1, HDE does not evolve across the phantom divide and can be simply
reconstructed by a single scalar field model with well-defined kinetic term. This is done in [367]
numerically.
To study the C < 1 region, the reconstruction of HDE using phantom is studied in [369]. A
phantom scalar field [199] is a scalar field with wrong sign kinetic term
S =
∫
d4x
√−g [gµν∂µφ∂νφ− V (φ)] , (196)
where the metric convention is (−,+,+,+). Thus the kinetic term has negative kinetic energy
−φ˙2. For a phantom field, the energy density and pressure take the forms
ρφ = −1
2
φ˙2 + V (φ) , pφ = −1
2
φ˙2 − V (φ) . (197)
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Note the additional minus sign in front of φ˙2/2, which is the key difference between phantom and
a conventional scalar field. The equation of state is thus
wφ =
−12 φ˙2 + V (φ)
−12 φ˙2 − V (φ)
. (198)
This equation of state satisfies w < −1 for positive V . Note that with C < 1, HDE also have w < 1
when it dominates. This is why phantom is used to mimic HDE at late times.
One can then solve V (φ) and φ˙2 as
V (φ) =
1
2
(1− wφ)ρφ , φ˙2 = −(1− wφ)ρφ . (199)
Note that the equation of state of φ can be written as
wφ = − 1
3ΩφH2
(
2H˙ + 3H2 +
k
a2
)
. (200)
One can thus solve V (φ) and φ˙2 in terms of the HDE properties
V (φ) =
M2p
2
[
2H˙ + 3H2(1 + Ωφ) +
k
a2
]
, φ˙2 = M2p
[
2H˙ + 3H2(1− Ωφ) + k
a2
]
(201)
We yet have to replace H and H˙ with functions of φ. It is noticed that the following ansatz
simplifies the construction problem:
φ = t , H = f(t) . (202)
Using slow roll approximated equation of motion of the scalar,
−3Hφ˙+ V ′(φ) = 0 , (203)
one gets
3f(φ) = V ′(φ) . (204)
With this ansatz 202, Eq. 201 can be written as
V (φ) =
M2p
2
[
2f ′(φ) + 3f2(φ)(1 + Ωφ) +
k
a2
]
, 1 = φ˙2 = M2p
[
2f ′(φ) + 3f2(φ)(1− Ωφ) + k
a2
]
(205)
One can compare those equations with the scalar field with the corresponding equations of
HDE. We make the correspondence
ρφ ↔ ρde , pφ ↔ pde , wφ ↔ wde . (206)
Using the corresponding equations of HDE, one can thus write
V (φ) =
1
2
(1− w)ρde = 3H
2Ωde
16piG
[
4
3
+
2
√
Ωde − C2Ωk
3C
+
b2(1 + Ωk)
Ωde
]
, (207)
1 = φ˙2 = −(1− w)ρde = H
2Ωde
4piG
[
−1 +
√
Ωde − C2Ωk
C
+
3b2(1 + Ωk)
2Ωde
]
. (208)
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Matching those equations with Eq. 205, one can solve that
V = 3M2p f
2(φ)
1 + 2
(6M2p f
2(φ)− 1)±
√
(1− 6M2p f2(φ))2 + 24M2p f2(φ)
 . (209)
It should be noticed that nowadays, the phantom instability problem may be avoided, thanks to
the Galileons [378, 379], and more generally the Horndeski theory [352]. In those theories, w < −1
can be achieved without any quantum instabilities, because the fluctuations of those Galileon fields
behaves very differently from the background evolution thanks to the apparently higher derivative
action. It would be interesting to reconstruct HDE using those healthier models.
7.2. Reconstructing MG
Modified gravity (MG) theories have rich dynamics [380, 381, 382, 383]. It is thus interesting
to study reconstructing those modified gravity theories using the dynamics of HDE. This topic is
studied by [384, 385, 386, 387, 388, 389, 390, 391, 392]. Different MG theories has different degree
of freedoms and dynamics. But the methodology of reconstruction is similar. Here we shall review
an example of f(R) gravity to demonstrate this process [384]. For simplicity, the spatial curvature
is set to be k = 0.
Consider the f(R) gravity theory
S =
∫
d4x
√−g [f(R) + Lm] , (210)
where Mp is set to one for simplicity. The modified field equations can be written as
Gµν = T
(curv)
µν + T
(m)
µν , (211)
where
T (curv)µν ≡
1
f ′(R)
{
1
2
gµν
[
f(R)−Rf ′(R)]+ f ′(R);αβ (gµαgνβ − gµνgαβ)} , (212)
and the stress tenor of matter is rescaled by
Tmµν ≡
T˜mµν
f ′(R)
, (213)
where T˜mµν is the stress tensor in the case of Einstein’s gravity.
The continuity equation for total energy remains the same with this modification, while the
Friedmann equations take the form
H2 +
k
a2
=
1
3
[
ρcurv +
ρm
f ′(R)
]
, (214)
2
a¨
a
+H2 +
k
a2
= −(pcurv + pm) . (215)
Those equations can be rewritten into
H˙ = − 1
2f ′(R)
{
3H20 Ωm(1 + z)
3 + R¨f ′′(R) + R˙
[
R˙f ′′′(R)−Hf ′′(R)
]}
. (216)
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One can future use redshift as cosmic time by noting that d · /dt = −(1 + z)Hd · /dz. Then the
terms are reorganized according to the derivatives on f(R) as
C3(z)d
3f
dz3
+ C2(z)d
2f
dz2
+ C1(z)df
dz
= −3H20 Ωm0(1 + z)3 . (217)
Those Cn coefficients can be written in terms of ΩDE and its derivatives. One can thus solve
the differential equation 217 numerically to obtain the expression of f . This accomplishes the
reconstruction.
8. Other DE Models inspired by Holographic Principle
The original HDE scenario by [21] uses the future event horizon as the IR cutoff of the theory.
Although this choice is so far working well with the experiments, many alternative choices of the
IR cutoff exist. So far, we are still lack of a first principle to pin down the nature of the IR cutoff.
Thus we survey different IR cutoffs and their implications in this section.
8.1. Agegraphic Dark Energy
It is proposed in [393, 394, 395, 396] the one can use time of the FRW universe to be the IR
cutoff. This model is known as the agegraphic dark energy (ADE).
There have been two major versions of the ADE. The first version of ADE by [393] made use
of the physical time t as the IR cutoff. But soon it is found that such a component cannot evolve
from a sub-dominate component to a dominate component. This does not behave as the DE that
we see today. We thus shall not review in detail this version of ADE.
To find a realistic model of ADE, it is noted by [394] that once the IR cutoff is replaced by the
conformal time, the domination problem can be solved. The improvement in this second version of
ADE is similar to the original HDE by [21], where it is proposed to use the future event horizon
instead of the Hubble horizon as the IR cutoff (note the similar relation between the Hubble horizon
and future event horizon, between the cosmic physical time and the conformal time).
In this new version, the energy density of ADE is
ρde =
3n2M2p
η2
, (218)
where η is the conformal time
η =
∫
dt
a
=
∫
da
a2H
. (219)
The fractional energy density thus takes the form
Ωde =
n2
H2η2
. (220)
The evolution equation of Ωde can be calculated to be
Ω′de = Ωde(1− Ωde)
(
3− 2
n
√
Ωde
a
)
. (221)
The equation of state is
w = −1 + 2
3n
√
Ωde
a
. (222)
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Figure 16 The χ2 and the corresponding likelihood for the ADE model, from a joint analysis of the
SNIa, CMB, and BAO observations. From [395].
Unlike the original HDE, in ADE, Ωde, n and a has to satisfy a consistency relation. In a
matter dominated universe, η ∝ √a. From the defining equation of ADE 218, ρde ∝ 1/a. From the
continuity equation, this implies w = −2/3. Compare it with the solved equation of state 222, one
get that, in matter dominated era,
Ωde =
n2a2
4
. (223)
In other words, the amount of ADE in matter dominated era is determined. As a result, in terms
of observations, the ADE model is a one-parameter model instead of a two-parameter model. This
is different from HDE, as in HDE there are two free parameters, namely C and Ωde.
ADE also solves the cosmic coincidence problem, but in a different way compared to HDE. In
ADE, the fractional DE density is determined by Eq. 223 and thus there is no longer coincidence.
In [395], ADE is compared to data. Using the SNIa data, it is shown that n = 2.954+0.264−0.245 at
1σ CL. Using the combined SNIa, CMB and LSS data, n is constrained to be n = 2.716+0.111−0.109 (See
Fig. 16). As we shall review in the next section, compared with ΛCDM and HDE, ADE is strongly
disfavored by current data.
8.2. Ricci Dark Energy
Geometrically, an important IR scale of our universe is the curvature of spacetime. The scalar
quantity built from the spacetime curvature, the Ricci scalar, is thus a good candidate for a covariant
choice of IR cutoff [397, 398, 399, 400].
In FRW cosmology, the Ricci scalar takes the form
R = −6
(
H˙ + 2H2 +
k
a2
)
. (224)
To use the Ricci curvature as the cutoff of the UV-IR correlation, one thus obtains the energy
density of Ricci dark energy (RDE)
ρde = − α
16pi
R =
3α
8pi
(
H˙ + 2H2 +
k
a2
)
. (225)
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Here the numerical factor 16pi is chosen to ease the calculation. With this definition, the Friedmann
equation can be written as
H2 =
8piG
3
ρm0e
−3x + (α− 1)ke−2x + α
(
1
2
dH2
dx
+ 2H2
)
, (226)
where x ≡ ln a. This equation can be solved as
E2(a) = Ωm0a
−3 + Ωk0a−2 +
α
2− αΩm0a
−3 + f0a−(4−
2
α
) , (227)
where f0 is the integration constant, which can be fixed by noting E0 = 1:
f0 = 1− Ωk0 − 2
2− αΩm0 . (228)
In Eq. 227, one can identify the RDE density
Ωde =
α
2− αΩm0a
−3 + f0a−(4−
2
α
) . (229)
The value α = 1/2 is of special interest, where the RDE behaves as a cosmological constant plus
a component of “dark matter”. When 1/2 ≤ α < 1, the RDE has EoS −1 ≤ w ≤< −1/3. When
α < 1/2, the RDE start from quintessence-like and evolves to phantom-like. Thus the behavior is
like quintom [202]. The EoS for the RDE can be written as
w = −1 + (1 + z)
3
d ln Ωde
dz
. (230)
The observational constraint for RDE is performed by [399], with α = 0.394+0.152−0.106 from SNIa only
(1σ). A joint analysis of the SNIa, CMB, and BAO observations gives a much tighter constraint
α = 0.359+0..024−0.025 (See Fig. 17).
8.3. Hubble Horizon as Characteristic Length Scale
As we have discussed, the Hubble parameter itself, though must natural, cannot be the IR
cutoff of HDE 16. Nevertheless, there are lots of efforts in generalizing this idea.
The simplest generalization is to note that one can not only use Hubble but also is derivative
[402]. One can than impose
ρde = 3
(
αH2 + βH˙
)
, (231)
where α and β are constants. The Friedmann equation in this case can be written as
M2pH
2 =
1
3
(
ρm0e
−3x + ρr0e−4x
)
+ αH2 +
β
2
dH2
dx
, (232)
where x ≡ ln a. This form is similar to the Ricci-DE. This is not surprising because in flat spatial
sections without spatial curvature, the Ricci scalar is just a linear combination of Hubble parameter
and its time derivative. The equation can be solved similarly to Ricci-DE. The study is generalized
to non-flat spatial sections by [403].
16not only in Einstein gravity, but also in simple Brans-Dicke gravity [401].
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Figure 17 Probability contours at 1σ and 2σ CL in the (Ωm0, α) plane for the RDE model, from a
joint analysis of the SNIa, CMB, and BAO observations. A point denotes the best fit; at the best
fit χ2min = 324.317. From [399].
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[404] proposed a different approach to use the Hubble scale as the IR cutoff. The authors
studied a DGP type model. Instead of imposing the UV-IR relation completely in four spacetime
dimensions, the UV cutoff is chosen to be the black hole formation bound with extra dimensions.
In this case, the Hubble IR cutoff gives a working model of HDE.
Another approach to make sense of the Hubble IR cutoff is to make the C parameter time-
dependent (and thus redshift-dependent) [405]. It is also noted that HDE with Hubble cutoff can
be made to work in Brans-Dicke cosmology with a potential [406], or in Einstein gravity with
interacting HDE [407].
8.4. Other Characteristic Length Scales
Apart from the above considerations, there are a lot of other choices as the IR length scale.
In [408], an energy scale dependent Newton’s gravitational constant is discussed. This is similar
to the time varying gravitational constant but of a different origin – the time variation is induced
by an energy scale variation, which originates from the time dependence of the IR cutoff.
Thus at IR energy scale µ, the energy density for HDE is written as
ρde(µ) = κµ
2G−1N (µ) . (233)
To proceed, [408] postulate that the stress tensors GNT
µν
total and T
µν
matter are separately conserved.
The resulting continuity equation of the GNT
µν
total conservation takes the form
G˙N (ρde + ρm) +GN ρ˙DE = 0 . (234)
Inserting it to the definition of HDE with scale dependence, one get the RG running equation of
the Newton’s gravitational constant
dGN
dµ
= −2κµ
ρm
. (235)
Solutions can be found for this equation, and the cosmological implications are studied in [408].
Alternatively, [409] considered the possibility to use the apparent horizon as the IR cutoff. In
spatial flat FRW spacetime, the apparent horizon is just the Hubble horizon. While with spatial
curvature, the apparent horizon takes the form
rA =
1√
H2 + k/a2
. (236)
This is a different form compared to the Hubble horizon in open or closed universes. It is noticed
that this modification alone cannot accelerate the universe. Interaction between DE and dark
matter is considered to further make this HDE component consistent with observations.
In [410], a conformal-age-like length is used for the IR cutoff. This approach is similar to ADE.
However, a length scale instead of a time scale is proposed:
L =
1
a4(t)
∫ t
0
dt′a3(t′) . (237)
The cosmological implication and fitting with data is studied in [411]. It is interesting to note that
from similar reasoning one can easily define two families of horizons
L =
1
an+1(t)
∫ t
0
dt′an(t′) , (238)
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and
L =
1
an+1(t)
∫ ∞
t
dt′an(t′) , (239)
facing to the past and the future, respectively. The cosmological implications can be studied.
As another choice of IR cutoff, [412] considered the possibility of the total comoving horizon of
the universe
η =
∫ t
0
cdt′
a(t′)
=
∫ a
0
da′
H ′(a′)2
. (240)
It would be interesting to see whether other cosmological quantities can behave as an IR cutoff.
For example, the growth of structure defines characteristic time scales (time at which the universe
becomes nonlinear at small scales) and spatial scales (length scales beyond which the universe is
homogeneous and isotropic). Those fluctuation quantities may be relevant because the vacuum
energy fall into black hole argument seem to apply better in a universe with structures instead
of perfectly homogeneous and isotropic. Also, the FRW metric defines a preferred time direction.
Thus it makes sense to study spatial curvature quantities such as the extrinsic curvature of space,
etc. in the ADM formalism. Those possibilities have not been fully studied.
8.5. Entropy-Corrected HDE
The HDE UV/IR relation, as part of holography, is closely related to the black hole entropy.
To see this, one can rewrite the energy density of HDE as
ρde = 3C
2L−4 × (M2pL2) ∝ 3C2L−4S0 , (241)
where S0 ≡ A/(4G) is the black hole entropy formula following the area law.
It is well known that the area law of the black hole entropy is an approximate relation. The
corrections in general take the following form (see, for example, [413, 414, 415])
S =
A
4G
+ α˜ ln
A
4G
+ β˜ . (242)
Here α˜ and β˜ can in principle be computed but their values are now not yet agreed on. Thus here
they are considered as free parameters.
With the entropy correction, [416] generalized the energy density of HDE as
ρde = 3C
2M2pL
−2 + αL−4 ln(M2pL
2) + βL−4 . (243)
Here C, α and β are dimensionless parameters, which naturally take values of order one. It is also
noted by [416] that ADE can be similarly generalized. More topics about entropy correction and
their cosmological consequences for HDE are studied in [417, 418, 419, 420].
9. Comparisons of Dark Energy Models
It is impossible to make a fair comparison for different DE models by directly comparing their
values of χ2min. This is because different models may have different numbers of parameters, while
adding extra parameters will reduce the predictive power of the model. Therefore, to establish the
validity of the model, one must take the factor of parameter number into account.
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Table 8 The results of ∆ ln BE for three holographic DE models. From [425].
Model HDE ADE RDE
∆ ln BE −0.86 −5.17 −8.14
The most commonly used model selection criteria are the Akaike Information Criterion (AIC)
[421] and the Bayesian Information Criterion (BIC) [422], defined as
AIC = −2 lnLmax + 2k, BIC = −2 lnLmax + k lnN, (244)
where Lmax is the maximum likelihood, k is the number of parameters and N is the number of
data points used in the fit. Note that for Gaussian errors, χ2min = −2 lnLmax. Information criteria
penalize the introduction of new parameters that do not significantly improve the quality of the
fit [423]. It is clear that a model favored by the observations should give a small AIC and a small
BIC. In practice, it is convenient to choose the ΛCDM model as the reference model, then
∆AIC = AICmodel −AICΛCDM , ∆BIC = BICmodel − BICΛCDM . (245)
We will also use the Bayesian Evidence (BE) as a model selection criterion. The BE of a model
takes the form [424]
BE =
∫
L(d|θ,M)p(θ|M)dθ, (246)
where L(d|θ,M) is the likelihood function given by the data d, model M and parameters θ, and
p(θ|M) is the priors of model parameters. BE is the average of the likelihood of a model over
its prior of the parameter space, and thus automatically includes the penalties of the number of
parameters and data. It is clear that a model favored by the observations should give a large BE.
In practice, it is convenient to use the logarithm of BE as a guide for model comparison, then
∆ ln BE = ln BEmodel − ln BEΛCDM . (247)
9.1. Comparisons among Various HP-Inspired DE models
The earliest comparisons among the HP-inspired DE models was made in [425]. By using a
combination of the Constitution SNIa sample, the shift parameter R from the WMAP5, and the
BAO measurement from the SDSS, Li et al. constrained the parameter spaces of three holographic
DE models, including the original HDE model [21], the ADE model [394], and the RDE model
[398]. It is found that, for the HDE model, Ωm0 = 0.277
+0.022
−0.021 and C = 0.818
+0.113
−0.097, corresponding
to χ2min = 465.912; for the ADG model, n = 2.807
+0.087
−0.086, corresponding to χ
2
min = 481.694; for the
RDE model, Ωm0 = 0.324
+0.024
−0.022 and α = 0.371
+0.023
−0.023, corresponding to χ
2
min = 483.130. Moreover,
the results of ∆ ln BE for the three holographic DE models are listed in table 8. It is seen that
although the HDE model performs a little poorer than the ΛCDM model, it performs much better
than the ADE model and the RDE model. In other words, among these three HP-inspired DE
models, the HDE model is more favored by the observational data. This conclusion is consistent
with the results given by other observations [426, 427].
In Fig.18, Li et al. further compared the observed expansion rate H(z) [428] with that predicted
by these three holographic DE models. Notice that the area surrounded by two dashed lines shows
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Figure 18 Comparison of the observed H(z), as square dots, with the predictions from the three
holographic DE models. From [425].
the 1σ confidence interval [107], and a DE model would be disfavored by the observation if it gives
a curve of H(z) that falls outside this area. It is seen that among these three holographic DE
models, only the curve of H(z) predicted by the HDE model falls inside this confidence interval.
This result verifies the conclusion of table 8 from another perspective.
In addition to data fitting, it is also popular to distinguish these HP-inspired DE models with
various diagnostic tools. For example, in [429], Cui and Zhang applied the statefinder diagnostic to
the four holographic DE models, including the original HDE model, the new holographic dark energy
(NHDE) model [217], the ADE model, and the RDE model. The comparison of the evolutionary
trajectories r(s) of the four holographic DE models are plotted in Fig. 19. From this figure one
can see that, in the low-redshift region, the difference between the HP-inspired DE models and
the ΛCDM model can be easily distinguished, which is quite different from the cases of H(z) and
q(z) [429]. This implies that the statefinder diagnostic is very useful in breaking the low-redshift
degeneracies of various holographic DE models.
In [430], Zhang et al. further diagnosed these four HP-inspired DE models with statefinder
hierarchy S
(1)
3 , S
(1)
4
17 and fractional growth parameter  18. The evolutionary trajectories of
S
(1)
4 () for HDE, the NHDE, the ADE and the RDE models are plotted in Fig. 20. From this
17The statefinder hierarchy satisfy [431] S
(1)
3 = A3, S
(1)
4 = A4 + 3(1 + q), where A3 and A4 are given in Eq.63. For
more studies about statefinder hierarchy, see [432, 433].
18The fractional growth parameter is defined as [434, 435]  ≡ fmodel(z)/fΛCDM (z), where f(z) = d ln δ/d ln a
describes the growth rate of the linear density perturbation.
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Figure 19 Comparison of the evolutionary trajectories r(s) of the four holographic DE models in
the r–s plane. The present values {r0, s0} of the four holographic DE models are marked by the
round dots. The ΛCDM model, denoted by a star, is also shown for a comparison. The arrows
indicate the evolution directions of the models. From [429].
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Figure 20 The evolutionary trajectories of S
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figure, one can also clearly see that, there are significant differences among the evolution of S
(1)
4 ()
given by the four HP-inspired DE models. In other words, employing the composite null diagnostics
{S(1)4 , }, all the holographic DE models can be differentiated quite well.
9.2. Comparisons Between HP-Inspired DE models and Other Cosmological Models
A lot of efforts have also been paid to compare the HP-inspired DE models with other cosmologi-
cal models [436, 437]. A latest result was given in [438], where Xu and Zhang made a comparison for
ten popular cosmological models according to their capabilities of fitting the current observational
data. These ten cosmological models include ΛCDM model, wCDM model, Chevalliear-Polarski-
Linder (CPL) model [439, 440], generalized Chaplygin gas (GCG) model [441], new generalized
Chaplygin gas (NGCG) model [442], HDE model, ADE model, RDE model, Dvali-Gabadadze-
Porrati (DGP) model [348], and a theoretical variant of DGP called αDE model [443]. The model
comparison results are shown in table 9 and Fig. 21.
One can see that, the ΛCDM model is still the best one among all the cosmological models.
The GCG model, the wCDM model, and the αDE model are worse than the ΛCDM model, but
still are good models compared to others. The HDE model, the NGCG model, and the CPL model
can still fit the current observations well, but from an economically feasible perspective, they are
not so good. The ADE model, the DGP model, and the RDE model are excluded by the current
observations.
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Table 9 Summary of the information criteria results of ten cosmological models. From [438].
Model χ2min ∆AIC ∆BIC
ΛCDM 699.375 0 0
GCG 698.381 1.006 5.623
wCDM 698.524 1.149 5.766
αDE 698.574 1.199 5.816
HDE 704.022 6.647 11.264
NGCG 698.331 2.956 12.191
CPL 698.543 3.199 12.401
NADE 750.229 50.854 50.854
DGP 786.326 86.951 86.951
RDE 987.752 290.337 294.994
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Figure 21 Graphical representation of the model comparison result. The order of models from left
to right is arranged according to the order of increasing ∆BIC. From [430].
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10. Concluding Remarks
Since discovered in 1998, DE has become one of the biggest puzzles in theoretical physics and
modern cosmology. In essence, the DE problem may be an issue of quantum gravity. Therefore, as
the most fundamental principle of quantum gravity, HP may play an important role in solving the
DE problem.
In this review article, based on the HP and the dimensional analysis, we derived the general
formula of HDE ρde = 3C
2M2pL
−2. Then, we described the idea of HDE, in which the future event
horizon is chosen as the characteristic length scale, i.e. L = a
∫∞
t
dt′
a = a
∫∞
a
da′
Ha′2 . This model has
an EoS w = −13 − 2
√
Ωde
3C , and provides an explanation of the coincidence problem via inflation. We
discussed several theoretical mechanisms of explaining the origin of HDE, such as entanglement
entropy, holographic gas, Casmir energy, entopic force and action principle. In addition, we showed
that the current observational data mildly favor the case of C < 1, which corresponds to a phantom
universe with big rip.
In the framework of HDE, we discussed various topics, such as spatial curvature, neutrino,
instability of perturbation, time-varying gravitational constant, inflation, black hole and big rip
singularity. In addition, we introduced the studies of exploring the interaction between DM and
HDE, from both the theoretical and the observational aspects. The current cosmological observa-
tions do not support the existence of DM/DE interaction in the HDE cosmology.
We also discussed the HDE scenario in various MG theories, such as Brans-Dicke theory,
braneworld theory, scalar-tensor theory, Horava-Lifshitz theory, and so on. Besides, we showed
that HDE can be used to reconstruct various scalar-field DE and MG models.
Moreover, we introduced other DE models inspired by the HP, such as ADE, RDE, and so on.
We also made comparisons among these HP-inspired DE models by using cosmological observations
and diagnostic tools, and showed that the original HDE model is more favored by the current
observational data.
Finally, let us conclude with outlook for the future developments of HDE and related research
area.
Theoretically, HP is a fast-developing research direction in string theory and related areas.
The recent theoretical developments in holographic entanglement entropy has refreshed our un-
derstanding of HP in the context of AdS/CFT – spacetime may be understood as emergent from
the entanglement entropy of the dual theory (see [444] for original work and [445] for a review of
recent development). It remains interesting to see how the refreshed understanding of HP in string
theory would bring new insight to the study of HDE. There have also been many new ideas and
proposals to apply HP to cosmology (see, for example, [446, 447]). Those new theoretical ideas
and technologies may enable more understandings of HDE, including the origin of HDE, theoretical
prediction of C, detailed study of HDE perturbations and a more predictable fate of our universe.
Observationally, as is well known, astronomical observation is the key to determine the nature
of DE. Moreover, the future for DE observations is very exciting. In table 10, we list some most
representative DE projects of Stage IV, which is classified by the DE Task Force [448].
Large Synoptic Survey Telescope (LSST) [449] is an 8.4 meter ground-based optical telescope,
which is located in Cerro Pachon of Chile. Square Kilometre Array (SKA) [450] is a global next-
generation radio telescope that will be built in Australia and South Africa. Euclid [451] is a 1.2
meter optical and near-infrared space telescope, which is a European space agency mission selected
for launch in 2020. In addition, Wide Field Infrared Survey Telescope (WFIRST) [452] is a 2.4 meter
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Table 10 Future Larger-Scale DE Projects.
Survey Location Description Probes
LSST Cerro Pachon (Chile) Optical, 8.4m SN, BAO, WL
SKA Australia and South Africa Radio, km2 BAO, WL
Euclid Sun-Earth L2 orbit Optical/NIR, 1.2m BAO, WL
WFIRST Sun-Earth L2 orbit Infrared, 2.4m SN, BAO, WL
infrared space telescope that is a national aeronautics and space administration mission selected for
launch in mid-2020s. In the future ten years, these projects will investigate the expansion history
of the universe and the growth of LSS with unprecedented accuracy. This means that cosmology
will enter in a very interesting and challenging era.
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